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NOMENCLATURE
d = normalized distance
E = Y oung’s modulus
Gy, dejj = deviatoric strain tensor, and its increment
eCjj, dee;j ' = deviatoric strain due to elastic response, and its increment
ePjj, dePjj = deviatoric strain due to plastic response, and its increment
f c = uniaxial compressive strength of concrete
He, Hp = generalized elastic and plastic shear modulia
Ij, d lj, I l rnax = first stress invariant, its increment, and its maximum value
h ’ J3 = second and third deviatoric stress invariants
Kt = tangent bulk modulus
Sy, dSjj = deviatoric stress tensor, and its increment
|3 = shear compaction-dilatancy factor
£jj, d£jj = strain tensor, and its increment
£kk’ ^-kk = volumetric strain, and it increment
d e^ Q ’ dEĵ k d = volumetric strain increment due to isotropic and deviatoric
stress increment, respectively
Emax = maximum principal compressive strain experienced by the
material
£p = strain corresponding to f c
0 = angle between projections o f position vector o f cty and that of
any tensile semi-axis on deviatoric plane
8 = distance o f current stress point from the bounding surface
along the direction o f Sy
5 = value of 6 at beginning o f current loading process
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8jj = Kronecker delta
y0, dy0 = octahedral shear strain, and its increment
v = Poisson’s ratio
Cjj, dOjj = stress tensor, and its increment
Ee, £e = elastic strain, and its rate
£p, £p = plastic strain, and its rate
8D, £d = deformation due to damage, and its rate
ce = compliance tensor for uncracked material
C1, C11, dC!, dC11 = compliance tensors corresponding to tensile and compressive 
stresses, respectively, and their increments
D -  accumulated damage parameter
Dc, Dt = accumulated damage due to compressive and tensile stresses,
respectively
D0 = accumulated damage at the beginning of any cycle
Dy, dDjj = damage tensor, and its increment
Djj = damage growth rate
Dj, D2, D3 = damage variables at their respective principal axis
*\max’ *\max = maximum values of damage due to tension and compression,
respectively
M(D) = damage effect tensor
K = shape factor defines damage loading surface
Icq = damage hardening parameter
pF = length of failure envelope on the deviatoric plane
pt, pc = tensile and compressive meridians, respectively
XI
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c = intersection o f the damage loading surface with the negative
hydrostatic axis
Ep = plastic shear modulus for uniaxial compression
Sir,, = the initial and minimum values o f 8, respectively
A, B, X  = material parameters
K j, K2 = constants represent size and shape factors, respectively
ft'  = uniaxial tensile strength o f concrete
Tq, dx0 = octahedral shear stress and its increment
S = cross-sectional area o f the element before loading
S = effective resisting area
Dn = total area o f cracks per unit area perpendicular to the normal n
G = effective Cauchy stress
G+, g " =  positive (tensile), and negative (compression) stresses
I1+, I]" = first stress invariant o f the positive and negative stresses,
respectively
J2+. J2’ = second deviatoric stress invariant o f the positive and negative
stresses, respectively
h = softening m odulus
hc, ht = damage m odulus due to compressive and tensile stresses,
respectively
A = complementary free-energy function
y = modification factor for tensile stresses
Pd = cross effect factor
0 = the internal energy per unit mass
r  = heat supplied per unit volume
xii
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T -- absolute temperature
S = entropy per unit mass
q = heat flux
¥ = Helmholtz free energy function
Jt = dissipation power function
Y = generalized thermodynamics force
xiii
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ABSTRACT
Concrete exhibits a significant strain-softening behavior beyond the peak 
stress, and moreover, the mechanism of inelastic deformation in concrete consists o f 
both plastic slip and microcracking. Hence, a combined plasticity and damage 
mechanics model is proposed for modeling concrete behavior under both multiaxial 
monotonic and cyclic loadings. The model adopts a bounding surface concept for 
both plasticity and damage. The introduced plasticity bounding surface is a 
function o f the maximum compressive strain experience by the material, while the 
damage bounding surface is a function o f the accumulated damage parameter. By 
this definition, both surfaces shrink in size in the stress space consistently with 
strain and damage. In this model, the material parameters are identified by fitting 
well-documented test data. The functional dependence of the material parameters 
on stress history, E j ^ ,  and damage parameter allow realistic modeling of the 
complex cyclic behavior of concrete. The proposed model combines plastic strain 
with strain due to damage, which account for softening behavior o f concrete.
Plastic strain components are calculated by using the plastic modulus which is a 
function o f the distance from the current stress point to the bounding surface along 
the deviatoric stress direction S^. Similarly, damage growth rate is obtained by the 
hardening modulus which is a function o f the distance defined above. The 
hardening behavior o f concrete is assumed herein to be controlled by both damage 
and plasticity, while the strain softening regime is controlled by damage processes 
only. The simultaneous use of the plasticity surface and the damage surface, leads
xiv
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to a constitutive model that accounts for the essential features of concrete such as 
pressure sensitivity, shear compaction-dilatancy, and stiffness degradation. 
Comparison o f model predictions with the available experimental data has been 
made and the results show good agreement. The model is computationally efficient 
and appears promising for implementation in generalized finite element programs.
xv




W idespread use o f concrete as a construction material for greater than 
75 years has led to a demand to develop sophisticated analysis techniques for 
capturing the important features o f the response of concrete to specialized loading 
conditions. Analytical idealizations o f the multiaxial behavior o f concrete would be 
particularly useful for cyclic loadings, such as those caused by earthquakes and 
ocean storms, and for situations involving large live-load-to-dead-Ioad ratios.
In recent years, many studies have addressed the behavior o f concrete under 
muitiaxiai states of stress. It is generally accepted that stress-strain behavior and 
strength characteristics o f concrete under multiaxial loading are considerably 
different from that demonstrated in the uniaxial case. However, the design 
procedures used for concrete are based on the results obtained from uniaxial 
strength tests. This finding suggests the necessity for continued research, and if the 
design procedures are to be used safely, efficiently, and economically, an 
understanding of concrete behavior under multiaxial loading conditions is very 
important.
A knowledge of concrete behavior under multiaxial and repeated loading 
conditions is essential to the design o f safe and economical structures. To 
adequately predict the stractural response associated with these loadings, an
1
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analytical model must satisfy four prim ary requirements: (1) accommodate both 
nonmonotonic and nonproportional loadings; (2) include softening behavior and 
failure o f concrete; (3) accommodate the different behavior o f concrete in tension 
and compression and account for the effect o f confining pressure; and (4) easily 
incorporated into a finite element analysis.
Although considerable effort has been devoted to investigating the behavior 
of plain concrete under monotonic loadings, there is a lack o f information in the 
literature about the behavior of plain concrete under cyclic, multiaxial loading.
Such information is, however, necessary to arrive at a rational approach to the 
determination o f the response o f concrete structures to variable loadings. In an 
attempt to answer some of the questions about the effect o f variable loads on 
concrete behavior, the present study analytically investigates the behavior of 
concrete under cyclic multiaxial loading conditions. Other investigators have 
obtained experimental results for these loadings and they, along with others, have 
modeled the behavior with reasonable engineering accuracy. The predictions 
obtained herein are compared with the results from these earlier investigations.
At the present stage of evolution for computer programs development, 
especially the finite element method and associated numerical techniques, important 
advances have been made in the procedures for obtaining numerical solutions for 
structural engineering problems, and m odel simulation o f nonlinear structural 
behavior. Although a large amount o f  advanced finite elem ent software packages 
now have a wide range of applications in nonlinear behavior of concrete, the lack
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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of a realistic material model is one o f the major factors that limits structural 
analysis. Unfortunately, the capability for accurate prediction of the behavior of 
concrete structures is frequently limited by the inadequacy o f the material model for 
failure. This limiting feature is certainly true in the presence o f multiaxial loadings, 
load reversal, and low-cyclic fatigue. These findings combined with the increased 
demand for realistic analysis o f concrete structures necessitate the development o f 
general constitutive models for concrete. Theoretically, one may use a model 
involving a large number o f state variables and parameters in order to accurately 
predict the response o f structures to a variety o f loadings, including load reversals 
and low-cycle effects. However, consideration of the statistical scatter of concrete 
properties combined with the desire for computational feasibility calls for the 
development of a mathematically practical simple model. Such a model must 
accurately capture the fundamental characteristics o f the material behavior with an 
acceptable level of accuracy. Moreover, for a rational formulation using nonlinear 
finite element analysis, the model should include post-peak softening behavior of 
concrete. The present study proposes a new constitutive model for concrete as a 
plastic-damage heterogeneous material which exhibits strain softening. The 
analytical expressions developed here are based on well-documented test results 
conducted on concrete under cyclic and monotonic multiaxial loadings. The 
proposed model permits a simple identification of material parameters and describes 
hardening as well as softening behavior o f concrete under various cyclic triaxial
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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states of stress. The model predictions compare well with the available test data 
from both monotonic and cyclic loading tests.
1.2 General Description of Concrete Behavior
Before stating the scope of this investigation, it is necessary to review the 
main aspects o f the behavior of concrete which will guide one to better under­
standing o f the previous studies and the appropriate choices in the theoretical 
formulation o f concrete.
Concrete may be regarded as an aggregate-matrix composite material 
consisting of three components: the cement matrix, the aggregate, and the interface 
between the matrix and aggregate. The aggregate-matrix zone is the most porous 
part of the composite and therefore, its weakest zone. The failure behavior of 
concrete is governed by complex degradation processes within the aggregate-matrix 
interface. An important feature o f the aggregate-matrix interface is that it contains 
very fine cracks (microcracks) even before any load has been applied to the con­
crete (Figure 1.1(a)). The formation o f such cracks is due prim arily to the strain 
and stress concentrations resulting from the incompatibility of the elastic moduli of 
the aggregate and paste components. Volume changes in concrete due to shrinkage 
or thermal effects can cause strain concentrations at aggregate-paste interface.
These microcracks (bond cracks) spread to cause major cracks at failure.
Many investigations have shown (Slate and Olsefski, 1963; Hsu, et a1.,
1963; Kotsovos and Newman, 1977) that concrete compression behavior and 
fracture characteristics may be explained by the creation and propagation of
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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( a )  Prior to  loading (b) 6 5 % o f  u lt im ate  load
( c )  8 5 %  o f  ultimata load (d) Failura load
Figure 1.1 Crack patterns obtained from x-ray examination 
for uniaxial compressive loading.
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microcracks within the concrete. Under applied loading, four stages o f behavior 
can be distinguished in the stress-strain response for uniaxial, biaxial, and triaxial 
stress cases. Consider, as an example, the stress-strain curve under uniaxial 
compression, shown in Figure 1.2.
As a first stage, consider the region up to 30-60 percent o f the ultimate 
strength (shown as 45 percent in Figure 1.2). In this initial stage, microcracks in 
addition to those pre-existing in the material are initiated at isolated points where 
the tensile strain concentrations are the highest (Figure 1.1(b)). At this load stage, 
localized cracks are initiated, but they do not propagate. Stresses up to 
70-90 percent of the ultimate strength (shown as 85 percent in Figure 1.2) 
characterize the second stage (stage II). In this stage, as the applied load is 
increased, the crack system multiplies and propagates (Figure 1.1(c)), although in a 
slow stable manner. If loading is stopped and the stress level is maintained at a 
certain value, crack propagation ceases. The increasing internal damage, revealed 
by deviation from the linear elastic behavior, causes irrecoverable deformation upon 
unloading. Although the relief o f strain concentration continues during this stage, 
void formation causes the rate o f increase of the tensile strain in the direction 
normal to that o f branching to increase with respect to the rate o f increase o f the 
strain in the direction of branching (Kotsovos and Newman, 1977). The start of 
such deformation behavior has been terms "onset of stable fracture propagation" 
(OSFP). In this load stage, the mortar cracks tend to bridge bond cracks.















































Figure 1.2 Uniaxial stress-strain curve for concrete.
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A third stage (stage in in Figure 1.2) occurs up to the ultimate strength. 
Interface microcracks are linked to each other by mortar cracks (Figure 1.1(c)), and 
void formation (dilation) begins to have its effect on deformation at this stage. The 
start of this stage has been termed "onset of unstable fracture propagation" (OUFP). 
This level is easily defined since it coincides with the level at which the overall 
volume o f the material becomes a minimum. In this stage, the progressive failure 
of concrete is primarily caused by cracks through the mortar. These cracks join 
bond cracks at the surface of nearby aggregates and forms crack zones of internal 
damage. Then, a smoothly varying deformation pattern m ay change and further 
deformations may be localized.
A fourth stage defines the region beyond the ultimate strength. In this 
region (stage IV in Figure 1.2), the energy released by the propagation of a crack is 
greater than the energy needed for propagation. Thus, the cracks become unstable 
and self-propagating until complete disruption and failure occurs. In this stage, the 
major cracks form parallel to the direction of applied load, causing failure of the 
concrete. The volume o f voids increases dramatically, causing a rapid dilation of 
the overall volume o f concrete (Figure 1.1(d)).
Although the above explanation is concerned with the uniaxial compression 
case, the three major deformation stages can also be identified qualitatively in other 
loading cases, i.e., the linear elastic stage (stage I), the inelastic stage (stages II and 
III), and the localized stage (stage IV). All these have to be considered in the 
modeling o f concrete behavior.
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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As aforementioned, in uniaxial compression, concrete behaves in a nonlinear 
manner. Under multiaxial states o f stress, concrete exhibits different stress-strain 
responses varying in strength characteristics. At low confined compression, we 
observe a gradual degradation process o f strength which is accompanied by highly 
dilatant behavior in the lateral direction. Under multiaxial compressive stresses, the 
ultimate strength of concrete increases depending on the confined pressure ratio. 
Hydrostatic pressure significantly increases both maximum stress and corresponding 
strain during compression, and the unstable strain softening portion gradually 
vanishes for increasing pressure.
The above arguments suggest that for a realistic representation o f the stress- 
strain behavior o f concrete, the following factors should be given special attention:
1. Effect o f confining pressure on the stress-strain behavior.
2. Different behavior o f concrete in tension and compression.
3. Effect of shear compaction and dilatancy.
Concrete subjected to repeated loads may fail at low stress levels after a 
number o f load repetitions. In recognition o f the importance o f repeated loads and 
cyclic effects, such as those due to earthquakes and ocean storms, or in the case 
where dead load in a small part o f the total load, it is very important, for a 
successful model, to consider the effects o f variable loads on concrete structures. 
Such effects may be divided into two kinds o f cyclic loading: (1) high-cycle 
fatigue that deals with a large num ber o f cycles o f loading at relatively low stress 
levels, and (2) low-cycle fatigue which involves a low frequency o f load application
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
10
at rather high stress levels. Earthquake loads may be regarded as low-cycle fatigue 
type of failure. Such effects (that might arise in the case o f  earthquakes or large 
live to dead load ratios) on concrete structures must be investigated in order to get 
a rational basis for the prediction of the mechanical behavior of concrete under 
cyclic loadings. This study proposes a model which successfully predicts the 
behavior o f concrete subjected to multiaxial states o f stress for the case of low- 
cycle fatigue.
In consideration o f  the preceding, it appears that for realistic modeling of 
concrete taking into account all the important aspects, one needs more than one 
existing theory. Common theories used fo r the predictions of concrete structural 
failure are: plasticity, and continuous damage mechanics. Plasticity theories have 
been successfully applied to metals but fail to describe the softening behavior of 
concrete. On the other hand, damage mechanics provides an average measure of 
strength degradation due to microcracking, however, this theory fails to represent, 
by itself, several features of concrete behavior. Recently, it became clear that 
prediction o f failures o f various structures subjected to variable loading necessitate 
a combined theory considering all the important features o f concrete behavior. This 
study attempts to bring together the theories o f plasticity and damage mechanics in 
order to yield a unified plasticity-damage constitutive model for concrete. The 
proposed elastoplastic model takes into account the important aspects which should 
be considered in the nonlinear analysis o f concrete, such as the different response
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of concrete under tension and compression, stiffness degradation and effect of 
confining pressure on concrete ductility.
1.3 Objectives and Scope
The main objective o f this study was to provide information on the deforma- 
tional behavior o f  plain concrete when subjected to cyclic multiaxial loading. In 
particular, the following objectives, which are of practical interest, were studied:
1. The transition from brittle to ductile failure.
2. Shear compaction-dilatancy.
3. Stiffness degradation during loading-unloading cycles.
4. Continuous damage process under load histories.
5. Strain softening behavior in the post-peak regime.
6. Comprehensive stress-strain response o f concrete under various 
loading conditions, and comparison with well-documented 
experimental results.
The overall objective of this study was to develop a simple model capable 
of capturing the important features of concrete behavior under general multiaxial 
monotonic and cyclic loadings. The model adopts the bounding surface concept for 
both plasticity and damage approaches. The general approach of this analysis 
accounts for the following factors:
1. Nonlinear effects caused by the plasticity o f compression and 
cracking of tension concrete.
2. Load reversals.
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3. Strength degradation of concrete under cyclic loading.
4. D ifferent behavior of concrete in tension and compression.
5. Effect o f confining pressure.
6. Damage evolution and subsequent failure.
7. Variation o f plastic modulus during load histories.
1.4 Structures of the Thesis
The work of this study is presented in six chapters. The necessity o f using 
a combined plasticity and damage model is discussed in Chapter 2. A general 
description o f the present theory is included. Review o f plasticity and damage 
behavior of concrete is also given in this chapter.
The proposed plasticity model for concrete under monotonic and cyclic 
loading is presented in Chapter 3. A detailed discussion o f the selection of the 
plasticity bounding surface concept is given. Also given in this chapter are the 
constitutive equations for the plasticity model and the evaluation o f material 
parameters. The dependence o f the introduced bounding surface on the maximum 
compressive strain ever experienced by the material is given special attention in this 
chapter.
A continuum damage mechanics model for monotonic and cyclic behavior 
of concrete is developed as presented in Chapter 4. The damage model adopts a 
bounding surface concept in which the introduced bounding surface, loading surface 
and initial fracture surface are shown to be functions o f the maximum accumulated 
damage. Softening behavior of concrete is also included in this chapter. A detailed
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discussion o f thermodynamics considered in the derivation o f equations, damage 
evolution, and the different behavior o f  concrete in tension and compression is 
given here.
Chapter 5 contains applications o f the proposed plasticity-damage model, in 
which the constitutive equations for uniaxial compression and tension are given 
explicitly. For general loadings, however, computations were conducted with the 
computer program shown in Appendix B. Comparison of the model predictions 
with the corresponding experimental results in all cases are demonstrated in this 
chapter.
Chapter 6 includes the summary o f observations, final conclusion, and 
recommendations for further research.
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Chapter 2
PLASTICITY AND DAMAGE BEHAVIOR OF CONCRETE
The present stage o f evolution o f  computers and the use o f finite element 
method require sophisticated but realistic constitutive models which consider the 
physical material characteristics and rem ain fully operational during non- 
proportional and cyclic loading. Thus, proper constitutive models must capture the 
physical, realistic behavior o f the material such as nonlinear effects caused by the 
plasticity of compression concrete, cracking o f the tension concrete, stiffness 
degradation during progressive damage process, load reversals, the different 
behavior of concrete in tension and compression, shear compaction-dilatancy, and 
strain softening.
Under generalized stress, the ultimate strength o f concrete increases 
depending on the confining stress ratios. The stress-strain curves o f Figure 2.1 
show the change in behavior of concrete as it deforms under increasing confining 
pressure. Figure 2.1(a) shows stress-strain curves from the tests conducted at low 
or moderate confined pressure by Richard et al. (1928). Balmer (1949) conducted 
triaxial tests at very high confining stress levels (Figure 2.1(b)). As these curves 
show, both maximum stress and its corresponding strain increase with increasing 
confining pressure. Under higher confining stresses, the possibility o f bond 
cracking is greatly reduced and type o f  failure shifts from cleavage to faulting 
failure o f concrete. According to Newman (1968), plain concrete subjected to
14
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Figure 2.1 Triaxial stress-strain relationship for concrete:
(a) low or moderate confining stresses;
(b) high confining stresses.
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uniaxial or biaxial compression fails by cleavage, while concrete under triaxial 
compression fails by faulting-type failure (called shear failure in the past). Horri 
and Nemat-Nasser (1986) showed theoretically that when brittle materials such as 
concrete are subjected to uniaxial compression, the largest microcracks gradually 
develop in the direction o f the load, causing cleavage type o f failure. However, 
when confining pressure is applied together with the uniaxial loading, the growth o f 
the large microcracks is retarded, and hence, the material fails by the 
interconnecting o f a multitude o f small microcracks along a faulting zone inclining 
at an angle to the direction of applied load. This type o f failure is called faulting 
or shear failure. For biaxial compression states, it was found (Kupfer et al., 1969; 
Tasuji, et al., 1978) that a maximum strength increase o f 25 percent, with respect to 
the uniaxial compressive strength, is achieved at a stress ratio of lateral stress to 
axial stress o f 0.5 and is reduced to about 16 percent at an equal biaxial 
compression state. Under biaxial compression-tension, the strength is almost the 
same as that o f uniaxial tensile strength. In the direct tension test, the high 
localization o f tensile cracks cause the brittle separation process. In fact, the direct 
tension experiments conducted by Gopalaratnam and Shah (1984) and Hurlbut 
(1985) proved that the formation o f macroscopic cracks is attributed to a surface- 
dominated failure process. The uniaxial compression test conducted by Van Mier 
(1984) shows that compressive failure is also dominated by fracture processes 
which become more distributed as the level o f lateral confinement is increased.
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Based on the knowledge above, it can be concluded that any successful 
concrete model should take into account the shift o f failure mode as the level of 
confining pressure changes. The shift o f  failure mode was considered in the model 
proposed by Pramono and Wiliam (1990), in which they define a transition point of 
brittle-ductile fracture which separates softening for ductile failure regimes.
The mechanism of inelastic strain in concrete consists o f both plastic slip 
and microcracking, i.e., the nonlinear behavior o f concrete arises from these two 
distinct microstructural changes. Plastic flow results in permanent deformation and 
is the consequence o f dislocation processes along slip plates controlled by the 
localization o f shear stresses. This mode o f microstructural changes occurs at high 
confining pressure. It does not lead to strain softening, nor does it affect the elastic 
compliances. On the other hand, m icrocracking affects the elastic properties o f the 
material and may result in permanent deformation. It prevails at low confining 
pressure and leads to strain softening.
A model that considers the two m icrostructural changes above must take 
into account the physical characteristics o f  concrete behavior, of which the most 
important features are listed as follows:
1. Stiffness degradation
2. Effect o f confining pressure on strength and ductility o f  concrete
3. The differences in concrete strength in tension and compression
4. Hysteretic unloading loops
5. Shear-compaction dilatancy
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Based on the experiments conducted by Bazant (1986), microcracking in 
concrete may be considered as a non-directional phenomenon and depends on the 
aggregate size of the concrete. The propagation of these microcracks at aggregate 
level follows an erratic path. Hence, from a macroscopic point o f view, the 
dominant cracking direction can be interpreted as the locus o f trajectories o f the 
damage points (Oiler, et al., 1990). The arguments above, in addition to the fact 
that the pressure-sensitive failure envelope of concrete material differs in 
compression and tension and, moreover, that the hardening as well as softening 
response depend on the confining pressure, support the idea that the classical 
plasticity theory has to be extended in order to account for these important 
characteristics of concrete behavior. In fact, the nonlinear behavior o f concrete can 
be modeled using the principles o f  plasticity theory, and damage mechanics pro­
vided an adequate definition o f the yield function taking into account the different 
behavior of concrete in tension and compression is incorporated. Moreover, 
cracking can be interpreted as a local damage defined by a damage evolution and 
limit fracture surface that controls the onset and growth o f damage.
The idea of combined plasticity and damage mechanics has been used in the 
past. Bazant and Kim (1979) established two surfaces, in which Drucker-Prager 
type plasticity surface was utilized to capture the effect o f confining pressure and 
the damage surface was formulated in strain space. Ortiz (1985) used the fact that 
concrete is a mixture material by expressing the behavior o f the aggregate field 
using the Drucker-Prager formulation, and expressing the mortar field by a
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continuous damage model. The two fields were combined together and a rate- 
independent theory was presented. Dragon and Mroz (1979) formulated a con­
tinuum model, in which a damage tensor was improperly presented by the change 
of crack width. The theory incorrectly predicted energy dissipation during 
unloading (Krajcinovic, 1985a). In the present study, the idea o f combined 
plasticity and damage mechanics will be presented through the concept of the 
bounding surface.
In order to provide a physical meaning to the increments o f plastic and 
damage strains, consider the idealized stress-strain diagram o f a hardening-softening 
concrete shown in Figure 2.2, in which the contributions o f plastic slip and micro­
cracking can be obtained by observing the unloading-reloading slopes. During an 
ideal plastic deformation, the unloading slopes are almost the same as the initial 
tangent of the stress-strain curve (initial value of Young’s modulus). This is a 
typical behavior of an elastic-plastic solid, i.e., the inelastic strain is essentially 
plastic (path 1). However, this behavior is not the case for a brittle material such 
as concrete, in which the stiffness usually decreases with increasing straining. This 
may be due to the continuous changes in the internal microstructure due to the 
nucleation and growth of microcracks. Thus, upon unloading, the perfectly brittle 
material returns to the origin (initial stress- and strain-free state) without any plastic 
strain, whereas the inelastic strain is attributed essentially to microcracking or 
damage (path 2). This son of behavior is typical throughout the strain-softening 
branch (Spooner and Dougill, 1975) in which it can be properly interpreted within
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
20




«» S tra in
Figure 2.2 Material representation: ideal plastic behavior, perfectly 
brittle behavior, and combined plasticity and damage 
(Yazdani and Schreyer, 1990).
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
21
the framework o f damage mechanics, whereas plasticity is unsuitable for this 
purpose. This may be due to the fact that the stiffness degradation is due mainly to 
microcracking, which is different from slip.
As mentioned before, concrete material exhibits both plastic deformation and 
stiffness degradation behavior. Path 3 o f Figure 2.2 displays both plastic strains 
and a reduced elastic modulus, it represents the experimentally observed concrete 
behavior, particularly in the strain softening range.
The idealized stress-strain curve in Figure 2.2 may now be considered as a 
sequence o f elastic, plastic, and damage increments. The components o f the total 
strain tensor, £, are identified as
e = £e + ep + e °  (2.1)
where £e is the elastic strain tensor for the uncracked concrete, eF is the inelastic 
strain due to plastic flow, and £ °  is the strain due to damage. The elastic strain 
tensor, £e, may be written as:
£e = C6: G (2.2)
where C? defines the compliance tensor for the uncracked material, o  is the stress 
tensor, and denotes the inner product.
The components of the total strain tensor, £, may also be shown by the rate 
form of equation (2.1), as follows:
t  =  £e + £p + £d (2.3)
where the rate o f elastic deformation in the absence of any microcracks is given by 
t c =  C:<5 (2.4)
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The rate o f deformation due to plastic flow and damage will be discussed in detail 
in the following chapters.
It is well known that the deformational behavior o f concrete in tension is 
brittle. This may be due to the significant low tensile strength of the aggregate 
mortar interface, in addition to the rapid propagation o f the unstable crack.
However, the experiments o f Palaniswamy and Shah (1974) on concrete cylinders 
subjected to multiaxial loading condition showed that for different values o f lateral 
stress, the confining pressure can significantly affect the deformational behavior o f 
the concrete material, in which it was observed that under compressive loading with 
confining pressure, concrete exhibits a certain degree o f ductility before failure. 
These observations may be interpreted by considering the symbolic representation 
of plasticity and damage surfaces (Abu-Lebdeh and Voyiadjis, 1992) as shown in 
Figure 2.3. As this figure shows, for tensile and low confining pressure regimes, 
the plasticity surface is never reached, whereas damage surface dominates and thus 
concrete exhibits brittle behavior. In the second interval, the intermediate values o f 
confining pressure produce some ductility due to the activity of the plasticity 
surface. However, the damage state prevents the stress from reaching the plasticity 
surface, and for this reason, the amount of ductility in this interval is limited. For 
large values o f confining pressure, strain softening never occurs, instead, a large 
amount of ductility is predicted. This is because the plasticity surface prevents the 
stress from reaching the damage surface (Yazdani and Schreyer, 1990).
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In the present study, it is assumed that the hardening regime is controlled by 
both damage and plasticity, while the strain softening regime is controlled by 
damage processes without any plastic flow.
This review of plasticity and damage behavior o f concrete sets the stage for 
a proper, physically motivated constitutive model which considers a complete 
description o f the behavior o f concrete and takes into account all the important 
aspects that should be considered in the nonlinear analysis o f such material. A 
model based on theory o f plasticity combined with the concepts o f damage 
evolution is presented. It is an attempt to combine two approaches; the theory of 
plasticity and continuous damage mechanics to define a new approach to the 
constitutive modeling o f plain concrete. Within the general approach, two bounding 
surfaces are developed: a plasticity bounding surface and damage bounding 
surface. The damage formulation is accomplished by using the second law of 
thermodynamics. The two surfaces are used simultaneously in order to obtain 
increments of plastic and damage deformations.
The unloading-reioading effect on the material behavior is considered first 
by an appropriate definition of the plastic strain that is determined by the plastic 
modulus, and second, by the damage process. The plastic modulus is considered as 
the most important factor in describing material behavior under cyclic loading.
The plasticity model uses the concept of a bounding surface proposed for 
metals by Dafalias and Popov (1975, 1976, 1977) and applied later to soil 
(Dafalias, 1979; Mroz, et al., 1978) and to concrete (Fardis, et al., 1983). In such a
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concept, the current stress point always lies inside or on the bounding surface and 
hence this surface is the innermost locus o f stress points. It is a function o f stress 
invariants and the maximum principal compressive strain experienced in the 
material, E ,^ .  As in the case o f the model proposed by Fardis, et al. (1983), the 
bounding surface in the present model shrinks in size in the stress space 
consistently with the maximum compressive strain, E j^ .  Details will be discussed 
in the following chapters.
The tests (Buyukozturk and Tseng, 1984; Spooner and Dougill, 1975) show 
that for a given strain level, the stresses at failure for both monotonic and cyclic 
loadings approximately coincide. This suggests that the bounding surface should be 
unique in the stress space and shared by both monotonic and cyclic loadings (Chen 
and Buyukozturk, 1985). In the present model, the bounding surface defined for 
cyclic loading reduces to monotonic failure surface for a given strain level, i.e., the 
bounding surface is shared by both monotonic and cyclic loadings.
In the formulations of the proposed model, the plastic strain components are 
determined by the superposition o f the volumetric strain components caused by the 
isotropic components of stress increment, and the deviatoric and isotropic strain 
components which are proportional to the plastic octahedral shear stress increments. 
The later strain components are calculated by using the plastic modulus which is a 
function o f the distance from the present stress point to the bounding surface along 
the deviatoric stress Sjj. The plastic modulus, relating stress rate and plastic strain 
rate is recognized by Dafalias and Popov (1975) as the key factor in describing the
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material behavior under cyclic loading. In the present study, the dependence o f the 
plastic modulus on the distance defined above, allows realistic m odeling o f the 
unloading and reloading behavior of the material. In contrast to the incrementally- 
linear material models (Bazant and Kim, 1979; Bazant and Shieh, 1980), the 
proposed model is capable o f describing nonlinear unloading and reloading 
behavior. The loading and unloading along the hydroaxis and on the deviatoric 
plane are defined in such a way that it does not require checking, at each load step, 
whether the stress point lies inside or on the present loading surface. This 
contradicts the classical plasticity type of models, and makes the computations of 
the present model more efficient and easy to im plem ent in nonlinear finite element 
programs.
In the second part o f the present model, dam age evolution is obtained using 
the concept o f bounding surface along the same lines as the bounding surface 
defined in plasticity by Dafalias (1986). In this approach, a limit fracture surface, a 
loading surface, and a bounding surface are defined in terms of stress invariants and 
damage parameters. The limit fracture surface defines the onset of damage, such 
that the damage growth occurs only when the current loading surface is outside the 
limit fracture surface. The rate o f damage growth is obtained by the hardening 
modulus which is a function of the distance between a point on the loading surface 
and the corresponding image point on the bounding surface. This will allow 
damage growth under cyclic loading. It should be noted that, in the classical theory
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of plasticity the hardening modulus is obtained by the consistency condition, in 
which it does not enable the damage growth to be modeled under cyclic loading.
The constitutive relations are calculated using the complementary ffee- 
energy function. In order to take into account the cross effect in compression, 
separate compliance matrices for the tensile and compressive stress are defined.
This may be done by decomposing the stress tensor into positive (tensile) and 
negative (compression) eigenvalues.
Finally, to combine the plastic and damage models, one could proceed in 
one o f the following ways: either by superimposing the plastic and damage strain 
increments due to the same stress increment or by superimposing the plastic and 
damage stress increments due to the same strain increment (Bazant and Kim, 1979). 
In the present work, the formulations o f the model are carried out by superimposing 
the strain increments. The construction o f the proposed model is based on the use 
and interpretation of experimental observations.
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PLASTICITY MODELING OF CONCRETE
3.1 Introduction
The plasticity theory was originally developed for metals. However, from a 
macroscopic point of view, concrete shares some of its properties with metals, 
particularly in the pre-peak regime such as the nonlinearity o f the stress-strain curve 
and the significant irreversible strain upon unloading. Thus, there is no reason why 
plasticity could not be used to model the strain-hardening behavior o f concrete.
Numerous plasticity constitutive models that describe the behavior o f con­
crete under various loading conditions have been developed. Most o f these models 
concentrate on the macroscopic stress-strain relations whereas the microscopic 
mechanism of concrete behavior is neglected. The inelastic deformations o f con­
crete are induced by both microcracking and plasticity slip. In the present chapter, 
only deformations due to plasticity slip are presented and the development o f a 
plasticity-based model in the pre-failure range is discussed in detail, focusing on the 
bounding surface concepts. The microcracking mechanism is discussed in 
Chapter 4.
The classical plasticity theory has been utilized in some of the earlier 
nonlinear concrete models (Chen and Chen, 1975; Murray, et al., 1979). In the 
former reference, Chen and Chen set the general framework for the plasticity-type 
of concrete model, in which concrete is considered as elastic-plastic, strain- 
hardening and fracture material. The nonlinear effects due to plasticity of
28
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hardening and fracture material. The nonlinear effects due to plasticity o f 
compression concrete and cracking o f tension concrete are considered in their 
formulation. The biaxial model proposed by M urray, et al. (1979) considers the 
softening behavior in the monotonic stress-strain curve. A recent model developed 
by Buyukozturk and Tassoulas (1979) describe the inelastic shear compaction- 
dilatancy by means of a nonassociated flow rule. It should be noted that in the 
above referenced plasticity models, both the unloading and reloading are elastic, 
which is not at all true for concrete (Bazant and Kim , 1979). Also, a reasonable 
description of cyclic behavior, such as damage accumulation and stiffness 
degradation, have not been obtained.
A few of the plasticity-type models are able, with limited success, to 
describe the complicated multiaxiai-cyciic behavior o f concrete. For example, 
nonlinear, incrementally orthotropic models have been proposed to represent cyclic 
effect (Darwin and Pecknold, 1976). However, these models apply only to 
proportional loading (Bazant, 1983). Hence, more physical evidence is needed for 
the development o f a realistic constitutive model fo r concrete behavior.
The classical models o f hardening plasticity-type are suitable for simple 
loading conditions. For complicated loading histories, however, such as multiaxial- 
cyclic loading, these models are incapable o f representing the observed hysteretic 
behavior. Such problems faced by the classical plasticity-type models have led to 
the development o f alternative plasticity models such as the bounding surface. The 
bounding surface model proposed by Dafalias and Popov (1975, 1976, 1977) and
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independently by Krieg (1975) is the first attempt to generalize the conventional 
flow theory to include the hysteretic behavior of materials. This attractive model 
was first proposed to characterize the cyclic behavior o f metals and was applied 
later to soils by Dafalias (1979) and by Mroz, et al. (1978, 1979). Application of 
this model to concrete has been recently attempted (Fardis, et al., 1983; Chen and 
Buyukozturk, 1985). In the first reference, a time-independent model was proposed 
for both monotonic and cyclic behavior o f concrete, in which the concept o f "a 
bounding surface” in stress space was introduced. The bounding surface, expressed 
as a function o f the maximum strain experienced by the material, shrinks as the 
maximum strain increases. This model was satisfactory in predicting stress-strain 
response o f concrete under monotonic-multiaxial and cyclic-uniaxial load 
conditions. Although this model appears promising for implementation in Finite 
element programs, its application to multiaxial cyclic and nonproportional loading is 
limited. One o f its disadvantages is that the strain increments are considered 
completely plastic, neglecting that concrete behaves linear-elastically at low stress 
levels. This assumption, together with the assumption that the direction of the 
strain increment is along the direction of deviatoric stress, leads to a singular 
flexibility matrix. The remedy, therefore, is to consider the elastic strain 
component in the model and to redefine the direction o f the normalized distance 
which is required to determine the material moduli.
More recently, Chen and Buyukozturk (1985) proposed a rate-independent 
model for the behavior o f concrete in multiaxial cyclic compression. This model
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adopts a damage-dependent bounding surface in stress space, in which the bounding 
surface shrinks as damage accumulates. It characterizes progressive stiffness 
degradation and captures the nonlinear stress-strain response, and post-failure strain 
softening behavior.
Any plasticity model describing plasticity behavior should involve three 
basic assumptions. The first assumption is the initial yield surface, which defines 
the state o f stress at which plastic deform ation begins. The second essential feature 
is the hardening rule, which defines the change o f the loading surface, as well as 
the change o f the hardening (softening) behavior o f the material during plastic flow. 
This parameter is usually expressed in terms o f the plastic modulus. The third 
essential rule is the flow rule. The flow 1 ulC IS related to a plastic potential 
function and is constructed with the assumption of rate independence. It gives an 
incremental plastic stress-strain relation. In addition to the above basic features, the 
failure conditions have to be assumed.
A proper constitutive model for analysis o f concrete requires a complete 
description o f the behavior of the m aterial under complex loading paths including 
cyclic loading. Some of these loading histories are cyclic loadings in the plastic 
range, whereas materials not having a yield or loading surface cannot be described 
appropriately under stress reversals by the classical plasticity theory (Dafalias,
1975). This is because in classical plasticity theory, loading-unloading criteria are 
established in terms o f yield surface or loading surface. In addition, the classical
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models o f plasticity are incapable o f describing the essential feature o f cyclic 
behavior.
Such an inadequacy o f the classical plasticity models to describe realistically 
the material response under cyclic loading conditions has led to the development of 
the recent concept of "bounding surface" (Dafalias, 1975; Dafalias and Popov,
1975, 1976, 1977; Rrieg, 1975). The concept o f the bounding surface is an attempt 
to generalize the classical flow theory to account for the cyclic behavior of 
material.
In the following section, the concept o f the bounding surface proposed by 
Dafalias and Popov (1975) for metals is discussed followed by its application to 
concrete material.
3.2 Plasticity Bounding Surface
3.2.1 Bounding Surface Concept
Dafalias and Popov (1975) proposed a nonlinear work-hardening model 
suitable for complex loading paths, including cyclic loading. In this model, the 
change in the plastic modulus during plastic deform ation is directly related to 
observed cyclic phenomena, such as cyclic creep, softening and hardening. The 
relative position o f the bounding surface and the enclosed yield surface, in addition 
to the plastic work, determine the value of the plastic modulus at each stage along 
the loading surface. Including the effects o f stress rate and plastic strain rate in the 
determination of the plastic modulus has been identified (Dafalias and Popov, 1975) 
as they key feature in describing the material behavior under stress reversals.
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Therefore, one o f the most important objectives of the bounding surface formula­
tion, especially for cyclic loading, is the determination o f the variation of the plastic 
modulus Hp (for the generalized m ultiaxial case). It should be noted that in the 
classical theory o f plasticity, the determination o f the plastic modulus Hp from the 
consistency condition proved to be ineffective for reverse plastic loading behavior 
(Phillips, 1968). The basic idea o f the bounding surface model by Dafalias and 
Popov (1975) may be summarized as follows.
Consider the schematic illustration o f the uniaxial stress-strain shown in 
Figure 3.1. The material exhibits elastic response represented by the part OA.
ABD represents the elastic-plastic part. At D elastic unloading is assumed to occur 
along DD' followed by plastic reloading along D'D"F. A new elastic unloading 
takes place along FF' followed by plastic reloading along FT "X . Beyond point B, 
the plastic reloading part, F"X, coincides with the part o f the first plastic loading 
BD. Investigating Figure 3.1, it can be seen that at each load reversal three 
changes of plastic modulus can be distinguished. First, the parts OA and FF ' 
represent the elastic behavior during which the plastic modulus Ep (for the uniaxial 
case) is infinity. Second, pans ABD and F 'F" represent plastic behavior in which 
Ep varies. The third part of the curve F " X  represents plastic behavior and Ep can 
be assumed to remain constant.
The model proposed by Dafalias and Popov (1975) may be explained by the 
stress-plastic strain curve for uniaxial load, shown in Figure 3.1(b). The stress- 
strain curve asymptotically approaches or coincides with the bound represented by








Figure 3.1 Schematic representation o f bounding surface model: 
(a) stress-strain space; (b) stress-plastic strain space 
(Dafalias and Popov, 1975).
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the lines X X ' and YY'. If  the thermal effect is neglected, the relationship between 
stress rate and plastic strain rate may be written
where <5n , £j, are the stress and plastic strain rates, respectively, and Ep is the
plastic modulus for the uniaxial case, relating stress rate and plastic strain rate.
From examination o f numerous experimental curves, Dafalias (1975) concluded that 
material behavior can be easily described by considering the plastic m odulus, Ep, as 
a function of the distance 8 = AB (Figure 3.1(b)) of the stress state A from the 
corresponding point on the bound B, and also as a function of 8*  (value o f 5 at the 
initiation of yielding for each loading process). 8*  can be thought o f as a factor 
measuring how far the material state is from the corresponding state on the bound, 
it changes at each stress reversal and thus it is associated with the most recent 
event o f drastic change o f loading direction (unloading-reloading).
Based on the arguments above, the plastic modulus is assumed to be given 
by a relation of the form
with E0P = Ep(0,5m), the value o f Ep on the bounds, and Ep(8in,8in) = °° at the 
initiation of yielding for a smooth transition from the elastic to the elasto-plastic
(3.1)
Ep = # (5 ,8 * ) (3.2)
range. The function Ep is:
(1) an absolutely increasing function o f 8
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(2) an increasing (decreasing) function o f W p if the material hardens
(softens). Wp is the plastic work during the half-cycle preceding the 
current plastic state.
It should be noted that the relative position o f the two segments (Figure 
3.1(b)) AA which represents the elastic region o f the stress-strain curve and BB 
defined by the two bounds, determines the parameter 8. If a n  and p n  represent 
the stress coordinates of the center o f these segments, then:
ry = F aa i l  ^  ^11
(3.3)
01, = EP ej, = « n  -  (E“ -  e P)
where Ea,EP are appropriate moduli.
The description for the uniaxial loading case above can be generalized to a 
multiaxial loading case. By projecting onto the o-axis of the uniaxial case, and 
then generalizing in multidimensional stress space, the elastic region represented by 
the inner line segment AA becomes the yield surface, shown with its center at k 
(Figure 3.2). The outer line segment BB is represented by a second surface in the 
stress space enclosing the yield surface, shown again with its center at r. This 
second surface is called the bounding surface, due to the fact that the yield surface 
always moves in the stress space within this surface. The loading surface can 
translate and possibly deform in the stress space according to any hardening rule. 
Simultaneously, the bounding surface may translate in stress space and possibly 
deform, for instance the expansion o f the bounding surface will result in an increase
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Figure 3.2 Schematic representation o f  a loading and bounding 
surface (Dafalias and Popov, 1975).
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in the distance between the bounds X X ' and Y Y ' in the uniaxial case. The two 
surfaces never intersect, but may come in contact at a point in common for which 
5 = 0. The point o f possible contact m ust be the point representing the stress state; 
otherwise, it may never reach the bounding surface during loading in the same 
direction, which would contradict the observation that the uniaxial stress-strain 
curves merge with the bounds.
Recall that in the uniaxial case, 5 = A B ' (Figure 3.1), where A is the state 
o f the stress and B is the point on the bound X X '. Accordingly, in Figure 3.2, 
point "a" is the state o f the stress on the yield surface, and point b is the 
corresponding point on the bounding surface. In this manner, the distance 5 = ab. 
Now, a question arises in the multiaxial case as to how to determine the position of 
the point b. For a given state of stress, a proper mapping rule gives a 
corresponding "image" stress point on the bounding surface. A measure of the 
distance, 5, between the actual and image stress points is used to determine the 
plastic modulus at the actual stress state. As for the mapping rule for the 
determination o f point b, many assumptions may be used (Chen and Han, 1988):
(1) b may be considered as the intersection point o f the normal at stress 
state "a" with the bounding surface.
(2) If the yield surface and the bounding surface are circular in shape, b 
can be the intersection o f ka with the bounding surface, where "k" is 
the center of the yield surface.
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(3) If the two surfaces are congruent, the image point b can be the point 
corresponding to the current stress state a with respect to the 
congruency.
If  Gy are the coordinates o f point a, and Gy of the corresponding point b, 
thus the distances 8 may be given by the usual Euclidean metric in the form
5 =  [ ( G y  -  G y )  ( G y  -  G y ) ] 1/2 (3.4)
The continual change o f the distance 8 in the stress space, as well as the 
initial value 8in, determine the value o f the plastic modulus (Hp) in the generalized 
multiaxial case, in the same m anner as the uniaxial case as:
HP = Hp(8, 8 J  (3.5)
where the function Hp has the same properties as the function Ep for the uniaxial
case. HqP = Hp(0, 8^) represents the plastic modulus for points on the bounding
surface at contact (8 = 0), and £ ^ (8 ^ , 8^) = °° at the initiation of yielding, or for a 
smooth transition from the elastic into elasto-plastic range. Hp is an absolutely 
increasing function of 8. As in the uniaxial case, it is possible that Hp takes the
value o f HqP before contact, and then the two surfaces move at the same rate and
direction without being in contact.
Finally, it was concluded by Dafalias and Popov (1975) that for the multi­
axial case, the dependence of the plastic modulus on the distance 8 between the 
point on the loading surface and the corresponding point on the bounding surface 
needs experimental verification. In the following sections, experimental results
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reported previously are used to determine the parameters o f the above model for 
concrete.
3.2.2 Ottosen Four-Parameter Model
Concrete may be considered as a hydrostatic, pressure-dependent material. 
Therefore, it has a failure surface with curved meridians as shown in Figure 3.3(a), 
indicating the increase o f material shearing capacity produced by the effect o f 
hydrostatic pressure. Also, concrete can be assumed to be an isotropic material, 
indicating that the failure surface in the deviatoric planes has the 60°-symmetry 
shown in Figure 3.3(b).
Experimental results (Newman, et al., 1971; Ottosen, 1975) have shown that 
the meridians o f the failure surface are curved, smooth, convex and 0-dependent, 
and p (Figure 3.3) increases with increasing hydrostatic pressure. In addition, the 
ratio of tensile to compressive meridian (pt/p c) increases for increasing hydrostatic 
pressure, but remains less than unity. Finally, these experiments proved that the 
shape of the traces in the deviatoric plane change from nearly triangular, for tensile 
and low confining pressure, to more and more circular for increasing compressive 
stresses.
The above characteristics have been evaluated according to well-established 
failure criteria, such as the criterion o f Cowan (1953). This approach combines the 
Coulomb and Rankine (maximum principal tensile stress) criteria. It has straight 
meridians leading to a constant p ^  ratio. The shape of the trace in the deviatoric 
plane is a polygon, and the intermediate principal stress effect is neglected. The
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Figure 3.3 Basic characteristics o f the monotonic failure 
surface: (a) failure surface on meridians;
(b) on deviatoric plane.
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criterion o f Mills, et al. (1970) involves the invariant o f 9, and it corresponds to a 
smooth surface, although, the shape o f the trace in the deviatoric plane is concave 
for an pt/p c-value o f less than 0.82. In addition, other popular models are shown in 
Figure 3.4, classified by the number o f  material parameters which ranges from one 
to five. The von Mises failure surface is a one-parameter, pressure-independent 
type which is not suitable for concrete. However, it may be adapted to concrete 
combined by the tension cutoff surface to be used for concrete. The two-parameter 
models of Drucker-Prager and M ohr-Coulom b criteria are pressure-dependent type. 
In these models, the criteria have linear relationships between the octahedral normal 
stress o ^  and the octahedral shear stress It has been experimentally shown 
that the meridians are curved, and thus the two-parameter models with straight lines 
as meridians are not suitable for describing the failure surface o f concrete in the 
high compression range. In addition, one o f the basic shortcomings o f Drucker- 
Prager model is the independence o f the angle of similarity 0, in which the shape of 
the trace in the deviatoric plane is circular which contradicts the experimental 
observations. The same shortcoming regarding 0, is still in the generalized 
Drucker-Prager surface proposed by Bresler and Pister (1958). However, in this 
three-parameter model, the meridians are assum ed to be parabolic. On the other 
hand, the three-parameter model proposed by Wiliam and W amke retains the 
linearity of the meridians, but the shape o f the surface in the deviatoric plane 
exhibits 0-dependence. The two basic features o f the failure surface, curved 
meridians and 0 -dependence, have been considered in the refined four-parameter
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Figure 3.4 Gassification o f the most popular failure models 
(Chen and Han, 1988).
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models o f Ottosen (1977) and Hsieh, et al. (1982) and the five-parameter model of 
Wiliam and W ranke (1975). In these m odels, all the important characteristic o f the 
triaxial failure surface are reproduced and the relevant experimental observations 
are captured.
Based on the above arguments, the failure criterion, proposed by Ottosen 
(1977), having all the desired characteristics, is adopted for the following reasons:
(a) The model meets the geometric requirements o f the failure surface 
for concrete materials.
(b) The cross sections have the geometric properties o f symmetry and 
convexity.
(c) The cross sections have changing shapes, from nearly triangular to 
nearly circular, with increasing compressive stresses.
(d) The model shows good agreement with the experimental results.
To accommodate the geometric requirements for concrete materials, Ottosen 
(1977) proposed the following four-param eter model considering all three stress 
invariants I1? J2, and 0:
F (I j ,J 2,0) = a J2 + x f i ^ ~  + b Ij -  1 = 0 (3.6)
where a and b are constants, and X  is a function of cos 30.
(3.7)
X = kj cos 21 -  J .  cos 1 ( -  k2 cos 3 0) , for cos 30 < 0
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in which kj, is a size factor, and k2, a shape factor (0  < k2 < 1), are constants. Ij 
is the first stress invariant, J2 is the second deviatoric stress invariant and 0 is
invariants in the model are normalized by the uniaxial compressive strength, f c;
The function F(Ij, J2, cos 30) in equations (3.6) and (3.7) defines a failure 
surface criteria with curved meridians (quadratic parabolas), and results in non- 
circular cross sections on the deviatoric plane. The value of the function F  < 0 
represents a non-failure state in which the stress point lies inside the failure surface. 
For the parameters a > 0 and b > 0, the meridians are smooth and convex, and the 
surface is open on the negative hydrostatic axis.
From equation (3.6), one may obtain:
The trace of the failure surface in the deviatoric plane, as given in equation (3.8) is 
smooth, has the geometric properties of symmetry and convexity, and varies from 
nearly triangular for small stresses to nearly circular with increasing compressive 
stresses.
Upon examination of equation (3.6), it can be seen that for special cases, the 
model simplifies to the failure criteria proposed by others, such as the von Mises 
model for a = b = 0 and a . =  constant, and the Drucker-Prager criterion for a = 0 
and X =  constant.
defined as cos 30 = y/3 J3/2J23^ . It should be noted that all the stresses and stress
e.g., Ij, J2 represent I j / f c and J2/ f c2’ respectively.
(3.8)
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The four parameters a, b, kj and k2 in the Ottosen model may be obtained 
experimentally for concrete from a uniaxial concrete test ( f c and f"t), biaxial test o f 
Kupfer, et al. (1969), and triaxial tests o f  Balmer (1949) and Richart, et al. (1928). 
The values of the parameters are given in Table 3.1 as functions of k = f / f ^ .  The 
values o f kj and k2 corresponding to the values o f \  and Ac are tabulated in 
Table 3.2. The various experimental biaxial and triaxial results o f Balmer (1949), 
Richart, et al. (1928), Kupfer, et al. (1969) compare well with the compressive and 
tensile meridians of Ottosen model. Finally, Ottosen failure criterion is applicable 
to different state of stresses and mathematically suitable for computer applications.
3.2.3 Proposed Bounding Surface
The key o f the proposed model is a bounding surface in stress space, which 
is the innermost envelop that always encloses the current stress points. For mono­
tonic loading conditions, the bounding surface reduces to the usual failure surface 
defined in stress space as the locus o f the stress combinations corresponding to the 
ultimate strength for different monotonic loadings. The monotonic failure surface is 
almost independent of the strain history, however, depending on the maximum com­
pressive strain experience in the material, this surface shrinks in size consistently 
with the falling branch in the stress-strain curve. For cyclic loading conditions, the 
experimental data o f concrete subjected to  cyclic uniaxial (Karsan and Jirsa, 1969; 
Sin'na, et al., 1964) indicate that the bounding surface can be a function o f the 
strain history. These experiments show that the axial compressive strain reached 
after several loading-unloading cycles is larger than the one corresponding to the
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A B K, Ko
0.08 1.8076 4.0962 14.4863 0.9914
0.10 1.2759 3.1962 11.7365 0.9801
0.12 0.9218 2.5969 9.9110 0.9647
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monotonic peak stress, and the failure stress o f the subsequent reloading is less than 
the uniaxial compressive strength, f c Since the failure stress o f this subsequent 
reloading lies on the bounding surface, the latter surface shrinks during inelastic 
deformation. Moreover, the cyclic uniaxial tests (Karsan and Jirsa, 1969; Sinha, et 
al., 1964) show that the falling branch at the stress-strain curve passes through, or 
close to, the peaks o f all subsequent reloadings that cause failure to the material, 
and hence, it can be considered as an envelop of all possible cyclic stress-strain 
curves. Additional evidence supporting the argument above is provided by the tests 
conducted by Buyukozturk and Tseng (1984), and by Spooner and Dougill (1975), 
in which it was indicated that for a given strain quantity, failure stresses for both 
monotonic and cyclic loading alm ost coincide.
The reliance o f the bounding surface on the strain history can be determined 
from the cyclic uniaxial, biaxial, and triaxial test results (Karsan and Jirsa, 1969; 
Sinha, et al., 1964; Launay and Gachon, 1970; Scavuzzo, et al., 1983), in which it 
was indicated that along the envelop o f the peak values o f any reloading branch 
that takes the material to failure, there exists a one-to-one relationship between 
failure stress and corresponding strain; i.e., the ultimate strength o f concrete 
subjected to cyclic loading depends on the maximum principal compressive strain, 
E j^ ,  experienced in the material during loading. More evidence o f the reliance o f 
the bounding surface on E j ^  is provided by the acoustic emission measurements 
(Spooner and Dougill, 1975) which show that the magnitude of the damage in 
concrete under cyclic uniaxial com pressive loading increases as strain increase, and
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hence may be considered the best appropriate measure o f the internal damage. 
It is also shown that during subsequent unloading-reloading, additional damage 
occurs only when the maximum strain ever experienced, ernaY, is exceeded. Based 
on the above arguments, the bounding surface is taken as a function o f E j ^  and 
thus given by the following equation:
F ^ ,  £max) = 0 (3.9)
It should be noted that the dependence o f the bounding surface on ernaT has 
been considered before by Fardis, et al. (1983), in which the model is shown satis­
factory in predicting the behavior o f concrete subjected to monotonic triaxial and 
cyclic uniaxial loading. However, their model adopts the concept o f bounding 
surface with vanishing elastic region and hence the strain increments were con­
sidered completely plastic. Another shortcoming in their model is that the applica­
tion to multiaxial cyclic and nonproportional loading is limited. These 
shortcomings are taken into account in the present work.
For the case when the concrete material is considered as isotropic material, 
then the bounding surface of equation (3.9) can geometrically be represented in the 
three-dimensional principal stress space (Haigh-W estergard stress space) as shown 
in Figure 3.5. In addition, since the three principal stresses G1? o 2 and c 3 can be 
expressed in terms of the combinations o f the three invariants I1? J2 and J3, hence 
the bounding surface F(Ojj, E j^ )  can be defined as a function o f these three stress 
invariants. The three invariants used in the present model are the first stress
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Figure 3.5 Plasticity-bounding surface.
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invariant, Ij, and the second and third deviatoric stress invariants, J2 and J3, 
respectively. They are defined as:
where Sy is the deviatoric stress, and 5y is the Kronecker delta. In the formulation 
o f the present model, the stress Gy (i,j = 1,2,3) is normalized as ratio with respect 
to the uniaxial compressive strength, f c. A positive sign is assumed for tensile 
stresses, and for strains that represent contraction.
By fitting the results of available experimental tests (Karsan and Jirsa, 1969; 
Sinha, et al., 1964; Launay and Gachon, 1970; Scavuzzo, et a!., 1983) on concrete 
subjected to uniaxial and multiaxial cyclic loading, the following bounding surface 
function, which is obtained by modifying the monotonic failure surface proposed by 
Ottosen (1977) to include E j^ ,  is given in the form:
where E j ^  is the maximum principal compressive strain experience in the material, 
A and B are constants given in Table 3.1, and A. is a function o f cos 30 shown in
Ij = Ojj (i = 1,2 ,3 )
h  = ' j  sij sij ( i j  = l,2 .3 )
(3.10)
^3 ^  Sij Sjk Skisij s ik ski (h j)^  1)2,3)
F (a ij’W )  = tA + 0 .52B (2.53 -  / - l n E ^ ) ]  J2
(3.11)
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equation (3.7) with the parameters k j,k2 given in Table 3.2. The angle 0 between 
the projection o f the position vector o f principal stress and the projection o f any
tensile semiaxis on the deviatoric plane is expressed as cos 30 = \ /3  For
Oj > c 2 ^  <J3, the angle 0 is defined such that 0 < 0 < jt/3.
The function o f the bounding surface in equation (3.11) is fitted to pairs o f 
failure stress and its corresponding strain from the monotonic stress-strain curves in 
both biaxial and triaxial tests (Kupfer, et al., 1969; Tasuji, et al., 1978; Liu, et al., 
1972; Nelissen, 1972; Kotsovos, 1979; Kotsovos and Newman, 1979, 1980). The 
compression meridian (0  = 60°) and tensile meridian (0 = 0 °) o f the bounding 
surface are shown in Figure 3.6. It should be noted that equation (3.11) for the 
bounding surface may be applied for pairs of and E j ^  on the falling branch o f 
the monotonic stress-strain curves. The outer limit of the bounding surface is the 
Ottosen failure surface, therefore, for the given E j^ ,  the innerm ost of the surface in 
equation (3.11) and/or Ottosen surface is assumed as the bounding surface, i.e., the 
present formulation can use the monotonic failure surface of Ottosen (1977) to 
supplement the bounding surface depending on The reason for selecting 
Ottosen surface as an outer limit to the bound surface is that it has all the feature 
characteristics o f concrete, such as curve meridians, smoothness, convexity, 60°- 
symmetry of deviatoric sections, and change from nearly triangular to nearly 
circular with increasing hydrostatic pressure.
The stress-strain relations derived next require evaluation o f the material 
moduli. These m oduli can be determined by measuring the distance from the
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current stress point to the corresponding point on the bounding surface along a 
specific direction. In the model proposed by Fardis, et al. (1983) for vanishing 
elastic region, the direction is assumed to be along the stress increment, dOy 
direction. However, for a material with elastic region, as in the present model, the 
determination of this direction rely on the type o f kinematic hardening rule. In the 
present formulation, this direction is assumed along the deviatoric stress, s^, 
direction. The reason for adopting this direction is that by this determination, the 
loading/unloading are easy to define, and the octahedral stress-strain relations can 
be formulated.
Based on the knowledge that the bounding surface is pressure dependent, as 
proposed here, the distance from the current stress point to the bounding surface, d, 
is normalized and introduced as
d = (5/6) (3.12)
where 5 is the distance on the deviatoric plane from the projection o f the present 
stress point to the corresponding image point o f  the bounding surface; and 5 is the 
value of 5 at the beginning of any loading process. The definition o f the 
parameters 5 and 5 is presented in Figure 3.7.
It is clear that when the normalized distance, d = 0 (5 = 0), the present 
stress point lies on the bounding surface, and failure is assumed to occur. In such 
case, the tangent modulus becomes zero. In case o f cyclic loading, the distance, 5, 
is measured from the current stress point to the compression meridian for reloading
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Figure 3.7 Definition of 5, 5, and the normalized distance d.
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and to the corresponding tensile meridian for unloading. 5 is the value of 5 at the 
current stress reversal.
3.3 Constitutive Equations for the Proposed Model
For numerical analysis, an incremental stress-strain relationship is needed.
If we neglect strain increments due to damage, which will be considered in the next 
chapter, the remaining strain increment dEj^R\  may be decom posed into its 
deviatoric and volumetric components:
All superscripts are not tensorial indices, de^ is the incremental deviatoric 
component o f the strain caused by changes in the deviatoric stress component, Sy, 
and dEj^ is the volumetric strain increment. In any small strain plasticity model, it 
is common to decompose the strain increment into its elastic and plastic parts. In 
the present formulation, the deviatoric strain increment can be decomposed into its 
elastic (deey) and plastic (dePjj) components:
The elastic part at the deviatoric strain increment, deey, can be determined by 
Hook’s law and expressed in terms o f the stress increment:
where He is the elastic shear modulus, and dsy is the deviatoric component o f stress 
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changes in the deviatoric stress tensor, Sy, and hence it is assumed to be indepen­
dent o f any isotropic (volumetric) changes. Moreover, the multiaxial test data 
(Nelissen, 1972; Richart, et al., 1929; Schickert and Winkler, 1977; Tasuji, et al., 
1978) show that the projection o f the strain increment on the deviatoric Jt-plane is 
in the direction o f the projection o f the position vector of the present stress point. 
Based on these arguments, the plastic deviatoric strain increment, dePy is assumed 
to be proportional to the deviatoric stress, Sy:
dejJ _ d ^
s ij T0
(3.16)
in which x0 is the octahedral shear stress, and dy0p is the increment o f  the plastic 
octahedral shear strain, given, respectively, by:
J  s ij s ij
(i,j = 1,2,3) (3.17)
=  ̂ d e  p d e  p 0 ^  3 d e ij d e ij
Assuming incremental linearity, the plastic octahedral shear stress and strain 
increments can be related as:
p  d x 0
H  = —  (3.18)
H p
in which Hp is the plastic shear modulus that depends on the stress and strain 
history. This will be discussed in detail in the following section.
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The volumetric part o f the strain increment, is affected by both 
hydrostatic and deviatoric stress increments (shear compaction-dilatancy). Hence, 
the effects o f the hydrostatic stress increment, d lj, and the octahedral shear stress 
increment, dx0, on the volumetric strain increment, d e ^ , are assumed decoupled:
+ (3.19)
where dE^Q is the part o f the volumetric strain increment caused by the hydrostatic
component o f stress increment, Sydl^S, which is given by:
d £kk,0 = -T7-  (k = l ,2 ,3 )  (3.20a)
j k t
in which lq is the tangent bulk m odulus, calculated in the following section. The 
second part o f the volumetric strain increment, d£ktd  is associated with the plastic 
octahedral strains. Assuming linear relationship, we can write
d £ ^ d = P d f  0 (k = 1, 2, 3) (3.20b)
where 3 is the shear compaction-dilatancy factor which is a function o f stress and 
strain. This will be discussed in detail in the following section.
Combining equations (3.13) to (3.16) and (3.18) to (3.20), one can obtain 
the following:
i E<R>
'J H = T 1Jv T°
d t n d l,
—  * 5 ii ( 3 2 1 )H P J 9 k t
The octahedral shear stress increment, dx0, can be expressed in terms of 
deviatoric stress, S;j, and stress increment, d a - , as follows.
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Moreover, the incremental octahedral shear stress, dx0, in equation (3.22) may be 
expressed in terms o f total stress increment as shown below. Since





d s kl = — ^kl ^ a mm̂
kl 3s kl
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5  T0 3  Tn
d ski = -=rr— dc?k] -  —a s a s ,
1 a x °
T 777 nm 3 a s .
(3 .2 4 )
kl u :>kl J  W3kk
Since s ^  = 0, then the second term of equation (3.24) is zero, hence
9 x 0 , 0TO .ciSjj — _ d.O|
as a s , kl
(3.25)
kl wakl
Substituting equations (3.23) and (3.25) into equation (3.22), one can obtain the 
octahedral shear stress increment, dxQ as shown below:
dx0 = kl
3x«
d o a  (k,l = 1,2,3) (3.26)
By substituting equation (3.26) and expressing d lj = d o ^ , into equation (3.21), one 
can obtain the relationship between d s ^ 1̂  and dOy as follows:
def;R) = _L (d o -  - 1 §;, dGy.)
or
H e











l i .  5iJ 1




d o ^  (k,l = 1,2,3)
(3.27)
9 k t 3 H e
\  /
From the constitutive relation in equation (3.27), it is clear that the 
parameters of the proposed plasticity model are the elastic shear modulus, He, the 
plastic shear modulus, Hp, the tangent bulk modulus, lq, and the shear Compaction-
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dilatancy factor, (3. These four parameters can be determined by fitting the 
available experimental data. The expression for each parameter is given in the 
following section.
Finally, an important aspect which is the definition o f loading and unloading 
is given special attention here. By decomposing the state o f stress into isotropic 
and deviatoric stress components, the definition o f hydrostatic stress reversals are 
separated from those in the deviatoric stresses. The loading and unloading along 
these two planes are defined as follows:
1. A hydrostatic stress reversal occurs if  the sign of dlj changes such 
that hydrostatic loading is defined when d lj < 0, and unloading when 
d lj > 0 .
2. A reversal in deviatoric stress occurs if the sign of dx0 changes such 
that deviatoric loading is defined when dx0 ^  0, whereas unloading is 
defined when dx0 < 0.
With the above definitions, any stress path can be thought of as a 
combination o f the two. For example, one may have loading in one plane and 
unloading in the other stress plane.
3.4 Evaluation of Material Parameters in the Proposed Model
3.4.1 Generalized Shear Moduli
The shear modulus is generally associated with the rate of expansion of the 
loading surface. It may be defined as the slope of the uniaxial compressive stress- 
plastic strain curve. However, since the determination o f its value is based on
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uniaxial compression tests, it is only suitable for the case where Ij = - f c, and 
hence, for multiaxial state o f stress, the shear modulus must be modified. In other 
approaches, the bounding surface model (Dafalias and Popov, 1975) assumes three 
separate regions for the variation o f the shear modulus. The first is associated with 
the elastic region in which the plastic m odulus is infinite, in the second region 
which represents the plastic behavior, the plastic modulus changes with the distance 
5 (see Figure 3.1) until it reaches the third region, where the plastic modulus takes 
a constant value.
In the present study, the generalized shear moduli as well as the other 
parameters of the proposed model are determined by fitting the available monotonic 
and cyclic experimental data. The data includes both uniaxial m onotonic and cyclic 
tests (Karsan and Jirsa, 1969; Sinha, e t al., 1964), biaxial monotonic and cyclic 
loading tests (Kupfer, et al., 1969; Nelissen, 1972; Tasuji, et al., 1978; Buyukozturk 
and Tseng, 1984; Scavuzzo, et al., 1983), and triaxial tests for monotonic and cyclic 
loading (Richart, et al., 1929; Kotsovos and Newman, 1979, 1980; Cedolin, et al., 
1977; Scavuzzo, et al., 1983). Based on these data, it was observed that the tangent 
modulus o f the stress-strain curves (particularly for the case Ij = constant) 
decreases gradually to zero as the stress point approaches the failure surface. This 
suggests that the plastic shear modulus can be considered as a function o f the 
normalized distance, d, defined in equation (3.12) and shown in Figure 3.7. Where 
as the generalized elastic shear modulus, H6, may be assumed as the initial slope of
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the shear stress-strain curve, and is determined for both deviatoric loading and 
unloading as shown below:
H e = 2G  = JL (3.28)
1 +v
where G is the shear modulus o f elasticity, E is the Young’s modulus, and v is the 
Poisson’s ratio.
In the uniaxial compression test o f Kupfer, et al. (1969), three deformation 
stages were observed (Kotsovos and Newman, 1977). The first stage corresponds 
to a stress in the region up to 40 percent o f the maximum compressive stress f c .
At this stage, the existing crack in concrete remains unchanged, and hence the 
stress-strain behavior is linearly elastic up to 0.4 f c. At this stress level, the value 
of the elastic shear modulus, E f, is calculated from equation (3.28) to be equal to 
850 f c, which is the value corresponding to a Young’s modulus, E, at 0.4 f c equal 
to 1000 f c and a Poisson’s ratio, v, o f 0.17. This value is supported by the 
experimental results o f Kotsovos and Newman (1979) and theoretically by Fardis, 
et al. (1983).
The experimental work o f Kotsovos and Newman (1979, 1980) and Cedolin, 
et al. (1977) show that, there exists a unique relationship between the incremental 
octahedral stress and the corresponding plastic octahedral strain increment.
Moreover, when the stress point approaches the bounding surface (d = 8/5 = 0), the 
plastic modulus becomes zero and hence the uniqueness does not hold (Cedolin, et 
al., 1977). In addition, the monotonic and cyclic test results indicated that the
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plastic shear modulus, Hp, decreases as the maximum compressive strain, 
increases. Based on these observations, it is assum ed that the plastic modulus, Hp, 
depends on the current stress, a ;j, the normalized distance, d, and on the maximum 
principal compressive strain experienced by the material, For monotonic 
deviatoric loading (first loading), the plastic modulus is determined as follows:
d is the normalized distance shown in Figure 3.7. Stresses are normalized with 
respect to uniaxial compressive strength, f c (e.g., Ij = Ij/F c), and cos 39 =
the bounding surface (d = 0), the plastic modulus becomes zero as expected. 
Moreover, the value of Hp at a stress level o f 0.4 f c is calculated from equation
(3.29) and is given as 850 f c which is equal to the elastic shear modulus at this 
level. The value corresponds to d  = 0.296, 0 = 60°, 5 = 0.328 f c, and =
H P  =
2 0 H fc/
for I, > - 3.0
d !  -  0.5)2
H p =
-  3 .0 H fcX
for I, < - 3.0 (3.29)
(Ij + 1-45)
where
3 s(3  J3/2J23/2. From equation (3.29), it is clear that when the stress point lies on
3 x 10-4. For deviatoric loading and unloading, the following expressions for the
plastic shear modulus, Hp, are drawn:
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1. For unloading:
H P =  1 3 5 (d )0-82 f /
H J W I 0'65 (5)035
in which
H .  ( W  -  0-5)2 -  1 - 1 7 6 ( 1 ! , -  0-5) dl -  0-5) forI 2 _ 3
1 14(1.1 + cos30)0-4 1
(3.30)
I, -  0.5
-  1-45) (1.16 -  1)
H j = ______________________ IfUfi i  for l x <  - 3
1.77(1.1 + cos 3 0)04
where is the maximum value o f Ij before the current unloading, d  is the
normalized distance measured to the tensile meridian o f  the bounding surface. It
can be shown that when the unloading stress point reaches the tensile failure (d =
0), the plastic modulus becomes zero. It should be noted that the distance 8
(Figure 3.7) is the value o f 8 at the most recent stress reversal. Examination of
equation (3.30) can show that the plastic shear modulus, Hp, is negative at the
beginning of the unloading process (up to 0.85 of I ljmax). The reason for this
behavior may be due to the interlocking during the initial state of unloading process
(Chen and Buyukozturk, 1985).
2. For reloading:
H p = 350f /  U l .  (10)"15° |EmJ
c h 2
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where
(I, -  0.5)
H2 = --------- \------------------  ; I > - 3.0
10(1.1 + cos 3 9)0'2
(3.31)
-0.82(1, + 1.45)
H2 = ----------- i-------------  ; Ij < - 3.0
(1.1 + cos30 )0-2
In case of reloading, d is the normalized distance measured to the compressive 
meridian and 5 is the value of 6 at the most recent stress reversal. Similar to 
monotonic loading, when the stress point approaches the bounding surface (d = 0), 
the plastic modulus defined in equation (3.31) approaches zero.
In order to avoid overshooting above the outer limit of the stress-strain 
curves, the approach proposed by Fardis, et al. (1983) is followed. In this 
procedure, if the distance 8 (Figure 3.7) becomes less than any previous value o f 8, 
denoted by 8 ,^ ,  then the distance 8 will be the corresponding value to 8 ^ ,  and 
further loading beyond that value of 8 is considered as monotonic loading and not 
reloading.
As mentioned previously, the distance 8 is the distance in stress space from 
the present stress point, Gy, to the bounding surface, measured along the direction 
o f the current deviatoric stress. The maximum value o f 8, denoted by 8, is taken as 
the one achieved at the last stress reversal. A stress reversal is defined as a change 
in the sign of dx0 such that we have unloading (reloading) when dx0 becomes 
negative (positive) after being positive (negative).
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3.4.2 Bulk Tangent Modulus, kt
The bulk tangent modulus, Iq, relates the hydrostatic stress with the 
corresponding volume strain. The hydrostatic stress-strain curve o f concrete is 
nonlinear (Scavuzzo, et al., 1983; Kotsovos and Newman, 1979, 1980), hence, the 
expression o f the bulk modulus may be taken as function o f the stress invariants. 
This is because, in principle, any scalar function of the stress and/or strain 
invariants may be used for the isotropic nonlinear moduli. In addition, concrete 
subjected to hydrostatic pressure first exhibits softening behavior (decrease in Iq) 
with increasing pressure and then increasing of lq value is obtained with increasing 
pressure. Based on the above arguments and by fitting the available data (Kotsovos 
and Newman, 1979; Scavuzzo, et al., 1983) a simple expression for the tangent 
bulk modulus, lq, is found as:
1.25 k«
k t = ------------------------ ; hydrostatic loading
1 + 0 .4 ( - I j) l35
(3.32)
k t = 1.15 kg ; hydrostatic unloading 
The initial value of kpkg, is the tangent bulk modulus at stress level o f 0.4 Tc, in 
which it is selected qual to 500 f c. This value corresponds to a Young’s modulus 
E = 1000 Tc and a Poisson’s ratio v = 0.17. In equation (3.32), unloading occurs 
when dl] becomes positive where as reloading is defined when dlj becomes 
negative from positive.
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3.4.3 Shear Compaction-Dilatancy Factor, (3
The nonlinearity o f the volume change is a prominent characteristic o f con­
crete. The results of both biaxial and uniaxial compression tests (Kupfer, et al., 
1969) shown in Figure 3.8, indicate that inelastic volume contraction (strain 
decreases) occurs at the beginning o f yielding up to about 75 to 90 percent o f the 
ultimate stresses. Then volume dilatation starts to occur. At the stage when 
volume begins to increase (dilatation), a noticeable increase o f microcracks occurs. 
This is because the interface microcracks are linked to each other by mortar cracks, 
and void formation (dilation) begins to have its effect on deformation. The start of 
volume dilation has been termed "onset o f unstable fracture propagation" (Kotsovos 
and Newman, 1977). To take into consideration the nonlinear volume change, a 
functional form of the shear compaction-dilatancy, (3, is defined here in accordance 
to the available experimental data. The test results (Kotsovos and Newman, 1979; 
Cedolin, et al., 1977; Scavuzzo, et al., 1983) show that the volumetric strain is 
caused by both volumetric stress and octahedral shear (deviatoric) stress. This 
coupling between volumetric and deviatoric com ponent is generally defined as shear 
compaction-dilatancy effect.
At the initial stage o f loading, when the stress point is far from the 
bounding surface, any increase in the octahedral shear strain will cause shear 
compaction. This may be due to the void reduction during shear process. On the 
other hand, when the stress point is close to the bounding surface (0.9 of the









0 .0 0 00.001 - 0 .0 0 1 - 0.002 €
Figure 3.8 Volumetric strain under uniaxial and biaxial 
compression (Kupfer, et al., 1969).
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ultimate stress), an increase in the octahedral shear strain causes shear dilatancy, 
which may be observed during loading, unloading, and reloading processes.
Based on the above observations, and on the basis of the available experi­
mental data (Kotsovos and Newman, 1979; Cedolin, et al., 1977; Scavuzzo, et al., 
1983; Kupfer, et al., 1969), the shear compaction-dilatancy factor for loading, 
unloading, and reloading is obtained as:
j3 = 10.25 ( E ^ ) 0'23 [,/d -  0.21 (3.33)
It is clear from equation (3.33), that at a stress level of 90 percent o f the 
uniaxial compressive strength (d = 0.04), the calculated value o f P is zero. This 
finding is supported experimentally (Kupfer, et al., 1969) and is shown in 
Figure 3.8 as an inflection point.
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DAMAGE MODELING OF CONCRETE
4.1 Introduction
Concrete contains numerous microcracks, even before the application o f the 
external loads. These initial microcracks, especially a t the aggregate-cement inter­
face, are caused by segregation, shrinkage, or thermal expansion in the cement 
paste. Under applied loading in addition to the plastic flow, the initiation o f  new 
microcracks and the growth of existing microcracks contributes to the observed 
nonlinearities in concrete behavior. Moreover, the failure of concrete occurs, in 
general, as a consequence o f propagation and coalescence of these microcracks.
The existence o f microcracks and their propagation cause what is term ed 
herein as "damage" to the concrete. The damage phenomenon is a good theory to 
describe the behavior of concrete (Mazars, 1986), and it has to be considered in 
developing a realistic constitutive model. In fact, the concepts of continuum 
damage mechanics have been introduced and employed recently to model the 
progressive degradation of material properties caused by the initiation, growth and 
coalescence o f microcracks.
The early phenomenological concrete models were based on classical 
plasticity theory (Chen, 1989). This theory represents an average measure o f  slip in 
the shear plane, and hence, it is difficult to model a process governed by cracking 
in the cleavage plane. Therefore, the use of the classical plasticity theory is at best 
of limited value. On the other hand, beginning in the 1980’s, it was established
71
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that damage mechanics could model accurately the strain softening response of 
concrete (Mazars and Cabot, 1989; Krajcinovic, 1983), in which the thermo­
dynamics of irreversible processes gave the framework to formulate the adopted 
constitutive laws. One o f the advantages o f the damage theory and the internal 
variable concept is that it provides a fram ew ork from which a large variety of 
models can be derived once a thermodynamic potential is selected.
Concrete exhibits a significant strain-softening behavior beyond the peak 
stress. At or near this stress level, the form ation o f a macrocrack becomes 
inevitable. It is at this stage that fracture mechanics becomes very useful 
(Karihaloo and Fu, 1990), although there is no reason why damage theory could not 
be used in the strain-softening region. In fact, damage mechanics could model 
accurately the post-peak region (Mazars and Cabot, 1989; Krajcinovic, 1983). As 
far as fracture mechanics is concerned, the applicability o f this theory to the 
modeling of concrete was debated extensively by Mindess (1983) and Sih (1984). 
Krajcinovic and Fanella (1986) indicate that the application of fracture mechanics 
theory to model concrete material is unsuitable. Their conclusion was supported by 
some experimental evidence (Pak and Trapeznikov, 1981; Hoagland, et al., 1973), 
in which it was shown that more than a ha lf o f the total energy is dissipated on 
microcracks which makes the application o f fracture mechanics an arguable merit. 
Moreover, if the cracks are perfectly planar and parallel to the axis o f loading, the 
fracture mechanics theory dictates that no strain energy release should be associated 
with crack propagation, and hence, it is too restrictive to idealize the cracks as 
planar. On the other hand, continuum dam age mechanics present another
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
73
phenomenological theory that deals with the determination o f macroscopic variables 
and material properties (Krajcinovic, 1979; Dragon and Mroz, 1979; Krajcinovic 
and Selvaraj, 1983).
The growth o f microcracks during loading causes reduction in strength and 
deterioration in mechanical properties o f the concrete material. The formation and 
growth of microcracks (the damage process) have been detected by using the 
following different measuring methods (Slate, 1983; Spooner, 1975; Suaris, 1987b):
(a) Acoustic emission: In such a method, the formation and growth of 
the microcracks are associated with the release o f energy, such that 
when a crack forms or propagates, some of the original strain energy 
is dissipated in the form o f heat and mechanical vibrations. There­
fore, if the cracks are perfectly planar and parallel to the axis o f 
loading, the fracture mechanics theory (dictates that no strain energy 
release is associated with crack propagation) contradicts the principle 
of the acoustic emission method, and hence it is unsuitable in 
modeling concrete.
(b) Ultrasonic measurements: The velocity o f the ultrasonic pulse in a 
given length specimen of solid material depends on the elastic pro­
perties and the presence o f cracks in the material. The ultrasonic 
measurements (Spooner and Dougall, 1975) show that the damage 
process in concrete is continuous, and the magnitude o f the damage 
increases with maximum compressive strain.
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The occurrence o f slippage and microcracking leads to nonlinearity in 
concrete behavior (Kotsovos and Newman, 1978). Microcracking occurs at low 
stress level as a result of debonding between aggregate and mortar. The initiation 
and growth o f these microcracks cause degradation o f the material properties. The 
degradation process may be modeled by introducing the concept o f damage variable 
which may be considered an internal state variable which can be a scalar or 
tensoriai quantity (Coleman and Gurtin, 1967), in which it characterizes the 
irreversible defects o f the material based on thermodynamics formulation.
Moreover, within the general context o f continuum damage mechanics, cracking 
may be defined by the onset and evolution of damage and by the evolution of 
material parameters.
Within the general framework o f continuum damage mechanics, one may 
model the progressive material degradation by introducing a number o f damage 
parameters such as effective stress tensor a  and damage tensor D representing the 
damage state o f the material under applied loading. To illustrate the physical 
implications o f the damage variables, let us consider a representative damaged 
volume, V, at macro-scale level which contains a set of microcracks as shown in 
Figure 4.1. Let S be the cross-sectional area before loading defined by its normal 
n. After loading, the microcracks and cavities in that section cause material 
degradation, and hence, the section area S reduces to an effective resisting area S
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Figure 4.1 Damaged material element.
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that takes into account the total area o f the microcracks and cavities. If these 
cracks and cavities are assumed to be uniformly distributed, the isotropic damage 
variable Dn associated with the normal n may be defined as:
(4.D
The damage variable Dn represents the total area o f cracks and cavities per unit 
section area perpendicular to n. It follows from equation (4.1) that the value o f Dn 
range from zero, corresponding to the undamaged material to one for the case o f 
complete rupture, i.e., rupture o f the element into two parts. 0 < Dn < 1 
characterizes the damage state. The effective (net) resisting area, S, can be written
from equation (4.1) as:
S = S(1 - Dn) (4.2)
Using the hypothesis o f strain equivalence (Lemaitre, 1985), the effective 
stress o  may be obtained from equation (4.2) by equating the force F acting on the 
damage area S with the force acting on the hypothetical undamaged area S 
(Figure 4.1).
F = a s  = oS (4.3)
where a  is the Cauchy stress corresponding to the damaged area S. From equations 
(4.2) and (4.3), one may obtain the relation between the effective Cauchy stress a
based on the effective area S and the usual Cauchy stress a  as:
C  = ------ —  (4.4)
1 - D n
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
77
It should be noted that the effective stress a  can be considered a fictitious stress 
acting on an undamaged equivalent (fictitious) area S (Kachanov, 1958). The 
isotropic damage mechanics involving a single damage param eter (equation (4.4)) 
has been used to describe the damage in concrete (Krajcinovic and Fonseka, 1981). 
However, the experimental results (Berthaud, 1987) prove that the evolution of 
damage is essentially anisotropic.
The continuum damage theory for the general case o f anisotropic damage 
was recently (Cordebois and Sidoroff, 1982; Chow and W ang, 1987) cast in a 
consistent mathematical and mechanical framework. Anisotropic damage may be 
characterized in terms o f vector quantities (Simo and Ju, 1987; Krajcinovic and 
Fonseka, 1981; Krajcinovic, 1983), or by means of second or fourth order tensors 
(Chaboche, 1981; Ortiz, 1985). The effective stress of equation (4.4) may be 
generalized for the anisotropic case as:
where the symbol (:) means the tensorial product and M(D) is a symmetric fourth 
order damage-effect tensor that characterizes the state of damage and transforms the 
homogenized stress tensor o  into the effective stress tensor o . In general, M(D) 
has 21 independent components and m ay be reduced to a scalar 1/(1-D) if the 
damage is isotropic, o  is the homogenized Cauchy stress acting on a nominal area 
and o  is the corresponding effective stress which is a measure o f the actual stress 
acting on the effective area. In indicial notation, equation (4.5) can be written in 
the form:
o  = M(D) : a (4.5)
a ij -  Mijkl °k l (4.6)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
78
The components Mjjid may be expressed, in principal coordinates by: 
Mjj^CD) = Ay(D) 8^  5j[ (no sum for i and j)
If the following notation is used
(4.7)
' ' '
<*1 <*11 £ i £ 11
g 2 ° 2 2 £2 £22
° 3 ► °3 3 £3 * e 33
= an d -
<*4 a 23 £4 2 ^ 3
° 5 g 3 i £5 2 £ 31
, C6 Gi2 £6 2 £ 12
then, equations (4.6) and (4.7) become
g ; = Mjj(D) Gj (4.8)
My(D) = Aj(D) 8" (no sum for i) (4.9)
One of the simplest forms of the damage effect tensor My is to present it in the 















where D j, D2, and D3 are the damage variables for the respective principal axis. 
For the case when the principal stresses have an unknown direction, the damage 
effect tensor of equation (4.10) should be modified. A generalized form of the
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damage effect tensor M has been shown (Chow and W ang, 1987) in principal 
coordinates, as








0 0 0 1 0 0
v/(l -D 2)(l -D j)
0 0 0 0 1p -D 3)(l -D ,) 0
0 0 0 0 0 1
/( I  -D j)(l -D 2) _
(4.11)
where as before, D j, D2 and D 3 in equation (4.11) are the principal damage 
components. When 0 ^ 0 2  = 0 3  = D. the damage effect tensor reduces to a 
scalar for isotropic damage, i.e., 1/(1 - D).
4.2 Damage Bounding Surface
In the classical plasticity models, a loading function or yield surface has to 
be defined to describe the irreversible behavior of concrete (Chen and Chen, 1975). 
In this approach, if a stress point crosses the yield surface, plastic deformation 
occurs. Based on the hardening parameters, this surface can be translated as a rigid 
body or change the shape kinematically or isotropically. It should be noted that by 
classical plasticity theory, it is possible to model concrete under different loading 
conditions, but it cannot model the softening behavior o f concrete which is mainly
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due to microcracking in the material. In another approach, Bazant (1976, 1978) 
utilized the endochronic theory for concrete to model strain softening and cyclic 
loading. For the case o f unloading, reloading and cyclic loading, Bazant (1979) 
proposed a jum b kinematic hardening in a model that predicts concrete behavior 
very well, but the required change o f the loading surfaces’ centers are not justified.
The incompleteness of the above theories, as well as the com plex behavior 
of concrete, particularly under cyclic loading has led to the developm ent of the 
bounding surface concept This concept was first applied to m etals by Dafalias and 
Popov (1976, 1977) and to concrete by Fardis, et al., (1983).
In the present approach, a continuum damage theory for cyclic loading is 
formulated using a concept similar to the plasticity bounding surface. The 
theoretical function of the plasticity bounding surface has been well established 
(Dafalias, 1986). In the present model, three surfaces namely, a lim it (initial) 
fracture surface that defines the onset o f damage, a loading surface, and the 
bounding surface are defined. Damage growth is derived within the general 
formulation o f the internal variable theory o f thermodynamics (Coleman and Mizel, 
1964; Coleman and Gurtin, 1967; Kestin and Rice, 1970; Lubliner, 1972, 1980; 
Nemat-Nasser, 1976; Ortiz and Popov, 1982a, 1982b; Truesdel and Toupin, 1960; 
Truesdel, 1984). W ithin the general formulation, concrete is assum ed to be single­
phase material (continuum) and rate-independent.
The damage bounding surface, F, which is the innermost locus o f stress 
points, is proposed to be a function o f the stress states Oy (or stress invariants) and 
the damage parameter, D:
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F (ay, D) = 0 (4.12)
The following mathematical function o f the damage bounding surface is chosen. 
This function is obtained by modifying the failure surface proposed by Ottosen 
(1977) for monitoring loading to include damage effect and cyclic loading:
where a and b are constants and X =  X ( c o s  30). Details o f these parameters were 
given before in Chapter 3. The damage parameter, D, in equation (4.13) is the 
maximum value o f damage accumulation ever experienced by the material. The 
experimental results o f damage growth calculated from the ultrasonic readings 
(Suaris, et al., 1990) indicate that the values o f D lie between zero and 0.7. It 
should be noted that the stress invariants appearing in the bounding surface 
criterion (equation (4.13)) are normalized by f c, the uniaxial compressive strength 
of concrete, e.g., Ij and J2 represent I j / f c and J2/ r c2, respectively. The bounding 
surface in equation (4.13) is shared by both monotonic and cyclic loading. As 
seen, for D = 0.7, the bounding surface reduces to the expression o f the monotonic 
failure surface proposed by Ottosen (1977).
Since the initial fracture surface o f concrete is not easy to measure 
experimentally, the criterion for the formulation o f the loading and the initial 
fracture surfaces is based on the known failure criterion expressed by equation
(4.13). To do so, a similar approach to the nonuniform hardening plasticity model 
proposed by Han and Chen (1985, 1987) is followed. The model is shown in the 
hydrostatic plane (Figure 4.2), in which the bounding surface encloses all the
(4.13)
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loading surfaces. As seen, the meridians o f the initial and loading surfaces are 
different than those of the failure surface, although they have similar deviatoric 
sections. This is because concrete behaves differently under tension and 
compression. Based on the experimental results o f Launay and Gachon (1972), the 
meridians of the limit fracture surface are assumed to be closed (Figure 4.2), and 
summarized according to three primary segments:
1. In the tension zone, identified by the criterion - 1/^3* Ij > 0,
the hardening zone vanishes and the initial crack surface almost
coincides with the bounding surface, representing brittle behavior of
concrete.
2. In the region of mixed compression and tension state o f stresses and
also for low confining compression, the hardening zone gradually
increases.
3. In the zone o f high confining compression (Ij < - f c), the initial
fracture surface starts to close up at the hydrostatic axis, producing a
substantial hardening zone.
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Figure 4.2 Construcrion o f bounding, loading, and initial 
fracture surface.
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During hardening, b o *  * e  size and * e  shape o f * e  loading surfaces vary 
from * e  closed shape of * e  initial fracture surface to * e  final bounding shape. 
According to * e  nonuniform hardening rule, each loading surface can be 
characterized by a shape factor, K, and expressed in * e  form:
f(Ojj,D) = p - KCKoJj) Pp(OjjJD) = 0 (4.14)
where p = ^ 2 J2 , and pF defines * e  failure envelope on * e  deviatoric planes. By 
solving equation (4.13) for \J2 J 2 , pF can be expressed as:
1
P f ^ . D )  = _ y f l  X 2 X 2  -  8 a (b l j  -  2 5 -L ) (4.15)
25 +D
The shape factor K in equation (4.14) modifies * e  shape of * e  bounding surface, 
providing proper shape for b o *  the initial fracture and subsequent loading surfaces. 
Kq is the hardening parameter.
Substituting equation (4.15) into (4.14), * e  loading surface can be expressed 
in the form:
f(Oj:,D) = aJ2 + X K J J 2 + K 2 b l!  -  K
The initial fracture surface may be expressed:
• 2 25.7 = 0
25 +D
(4.16)




where D0 is * e  accumulated damage (D) at * e  beginning of any cycle. It should 
be noted that when D0 = 0.05, equation (4.17) reduces to * e  initial yield surface of
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Ottosen (1977) proposed for monotonic loading. From examination of equations
(4.13) and (4.17), during repetitive cycles accompanied by continuous damage 
accumulation, one may observe that the bounding surface (F) shrinks and the initial 
fracture surface (fQ) expands. This will control the damage growth o f concrete 
because the damage growth rate is defined herein as a function of the separation 
between the loading surface and the bounding surface.
The functions describing the three surfaces (equations (4.13), (4.16) and 
(4.17)) introduced in the present study were evaluated by the experimental results 
for damage accumulation obtained by Suaris, et al. (1990). In the formulation of 
these surfaces, the shape factor K  is a function o f the hydrostatic stress I2 and the 
hardening parameter Kq. A functional form of K (Kq,Ij) was derived based upon 
the nonuniform hardening rule, taking into consideration the basic shape require­
ments for the initial fracture surface, as well as the subsequent loading surface on 
the meridian phase. The following quadratic form o f the shape factor K was 
chosen (see Figure 4.2):
K ^ I j )  = < (4.18)
K ^ K q J j)  for 0.31 > I2> -1  
K ^ K q J j)  for - 1 > I 2
where, as before, the stress invariant I2 is normalized by F c. The upper limit of the 
hydrostatic stress I2 is 0.31 (Figure 4.2) which represents the value 1/b proposed by 
Ottosen (1977), and the limit I 2 = -1 corresponds to the uniaxial compressive 
strength. The functions K 2 and K2 are assumed to be quadratic in I2, satisfying the 
shape requirements:






Ij = - 1,
K 1 = l











at I, = c , K2 =  0 
From the conditions (4.19) and (4.20), one obtains:
Kj (K qJj) = 1 +
(1 -K q) [Ij + 21, -  0.716] 
1/716
and
K 2 ( K q , ! , )  =  K q 1
I ,+  1









( 1 -K q) [I, +21, -0.716]
17716
0.31 >1, > — 1
f  X
i l l
c + 1V /
- 1 > I ,
(4.23)
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where c denotes the intersection o f the loading surface with the negative hydrostatic 
axis. Based on experimental results for the shape o f the initial fracture surface 
(Figure 4.2), reported by Launay and Gachon (1972), the value of c may be 
computed from
c = . 4 2  (4.24)
Ko -  1
According to equation (4.24), the intersection point c would approach infinity as
the loading surface approaches the bounding surface, i.e., Kq —» 1. Moreover,
when the loading surface approaches the initial fracture surface (Kq -»  0.4), the 
intersection point c approaches the value o f Ij = -7, which is supported by the 
experimental results of Launay and Gachon (1972). The hardening parameter Kq 
takes a value between and 1, i.e.,
Kj < Kq < 1 (4.25)
where Kq = indicates the hardening level of the initial fracture surface, while 
Kq = 1 indicates that the loading surface has reached the bounding surface and 
failure occurs. The expression o f  Kq given below is based on the experimental data 
drawn from references (Cedolin, et al., 1977; Karsan and Jirsa, 1969; Buyukozturk 
and Tseng, 1984; Kotsovos and Newman, 1980; Kupfer, et al., 1969; Scavuzzo, et 
al., 1983), in which the relationship between Kq and the material parameters is 
found by determining the intersection o f the uniaxial compression loading path with 
the loading surface. For a given Kq, the intersection point gives the uniaxial 
compressive stress, and then the m aterial parameters such as the Young modulus E
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and the Poisson’s ratio v, can be determ ined for each stress level. The expression 
of the hardening parameter Kq may be written in the form:
Kq = 1 + 1-65 x 10"6 E 2 -  2 x IQ ' 3 E (1 + v) (4
(1 +v)2
The Young modulus E is normalized by the uniaxial compressive strength, f c, i.e., 
E in equation (4.26) represents E / f c. It should be noted that the calculated values 
of Kq = 0.4 and Kq = 1 corresponding to  the initial fracture and bounding surfaces 
respectively, are comparable with the experim ental results obtained by Launay and 
Gachon (1972). Moreover, the ultrasonic tests conducted by Suaris, et al. (1990) 
revealed that the variation of the damage coefficient begins at approximately 40 
percent of the peak stress, which is comparable with acoustic emission tests (Jones, 
1952; Rusch, 1959) that have shown that crack growth begins at stress levels o f 25 
to 50 percent o f f c.
4.3 Formulation of the Constitutive Equations
The theory of thermodynamics o f irreversible processes with internal state 
variables developed originally by Coleman and Noll (1963) can be used to 
formulate the evolution equations for the continuum damage (Krajcinovic and 
Fonseka, 1981). By considering the concrete material as a system defined by a set 
of variables and a thermodynamic potential, the constitutive equation can be derived 
based on adequate choice of the potential and o f the damage variable.
Before we start the derivation o f the constitutive equations, it is necessary to 
highlight the basic ideas. The basic state functions considered in a thermodynamic
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system are Helmholtz free energy \|/, stress a ,  heat flux q, and entropy S. The state 
variables o f reversible processes are elastic strain ee, temperature T, and thermal 
gradient grad (T), while the internal state variables o f irreversible processes are the 
plastic component ep, o f the strain tensor and the damage tensor D. Since the 
present formulations focus on the microcracking, the state variable o f  plastic flow 
will not be considered. It should be noted that the state function and the state 
variables above are related by the balance laws in the form of differential equations 
(Davison and Stevens, 1973; Kratochvi and Dillon, 1969, 1970; Rice, 1971, 1975) 
as follows: Considering an isothermal condition, the first law o f thermodynamics 
(principle o f conservation o f energy) in the deformed damaged state implies that:
where v is the velocity o f the particle, F and T are the body and surface forces, 
respectively, p and r  are respectively the internal energy per unit mass and the heat 
supplied per unit volume, q is the heat flux, and p is the density. In the case o f no 
heat flux (q = 0) and no heat supply (r = 0), equation (4.27) reduces to
The rate o f change o f internal energy p (dp/dt) is due to the change o f strain 
energy and entropy production. By using the relation:
f  F:V :dV  + f  T vv t dA  + f  rd V  -  f  q nnndA  
J v  1 1 JAV k k J v  JA V  p
(4.27)
Jv  4  v iv i * *)pdV
f  F;V :dV  + f  T vv t dA = _ 1  f  (. 
J v  1 1 Jav  k k d t  J v
VjVj + <j))pdV (4.28)
J v  F iv ‘dV  * L  T *v *d A = ■ V < W V <4'29>
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The rate of change of internal energy can be expressed as:
p(j) = Oyfijj (4.30)
where (') = d( )/dt. In the case o f  the present problem (no heat flux or heat 
supply), the second law of thermodynamics (entropy principle) in the form of 
Clausius-Duhem inequality implies that:
pTS > 0 (4.31)
where T is the absolute temperature, and S is the entropy per unit mass. Using 
equation (4.30), equation (4.31) can be rewritten in the form:
pT S  -  p<j> + G : j £ : :  > 0 (4.32)
or
o ^ j  -  p«j> -  TS)> 0 (4.33)
In continuum mechanics models with thermodynamics, it is convenient to 
use the free energy per unit mass \]/ called the Helmholtz free energy instead o f 
internal energy (Rice, 1975). The Helmholtz free energy function (\j/) is used as 
thermodynamics potential which is defined as:
\p = <5> -  TS (4.34)
Differentiating equation (4.34) with respect to time (with T being constant) and 
substituting the resulting differentiation into inequality (4.33), one obtains:
-  p y  > 0 (4.35)
The free energy per unit mass \|/ depends on the elastic part of the strain ee, the 
absolute temperature T, and the current damage state of the material. The cuirent
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damage state can be decomposed into plastic deformation and microcrack 
propagation. However, the present analysis considers damage only due to 
microcracking, while the plastic deform ation is studied separately. Hence, the 
Helmholtz free energy for the present problem (small deformation o f a brittle 
material) in isothermal conditions is taken as a scalar-valued function of the elastic 
part o f the strain ee, and the damage tensor D, i.e.,
V = t|/(ee,D ,T) (4.36)
The differentiation of equation (3.36) with respect to time gives:
(437)
dD ki
where the assumption of isothermal conditions (T = 0) is used in obtaining 
expression (4.37). Substitute equation (4.37) into (4.35) and noting that
e = Ee + eP (4.38)
where ep is the inelastic part o f the strain, one obtains
/
B yG 4  * -  P £>ld 2  0  (“ -39)
For an isothermal condition, we have the constitutive relation (Rice, 1975)
a  = p (D fixed) (4.40)
W e may also define the generalized thermodynamic force associated with the 
damage variable D as
Y = p (£ fixed) (4.41)
3D
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Then equation (4.39) reduces to
7t = o :£ p -  Y :D  > 0 (4.42)
The use o f the second principle leads to the Clausius-Duhem inequality o f equation
(4.42) which implies that dissipation power (n)  is always non-negative.
The processes o f plasticity and damage may be independent, therefore from 
equation (4.42), one obtains:
By analogy with the fracture mechanics, (- Y:D) may be assum ed as the energy 
dissipated within the process o f damage. Moreover, the generalized thermodynamic 
force (- Y) may be considered as damage strain energy release rate (sim ilar to G in 
fracture mechanics). Since (- Y) is positive (quadratic function), from equation
(4.43) one obtains:
4.4 Damage Evolution Equation
Two types of cracking can be distinguished (Wiliam, et al., 1985):
(1) tensile cleavage in the form of mode I cracking, and (2) faulting (compressive) 
cracking in the form o f mode II type frictional slip, in which it can be considered 
as a combination o f shear sliding and crack opening (see Figure 4.3). The
-  Y :D  > 0 (4.43)
D > 0 (4.44)
where D = -----  = rate o f damage.
d t






Figure 4.3 Schematic representation o f modes I and II type o f  failure.
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experimental results o f  Buyukozturk, et al. (1971) proved that the existence of 
mode I type o f cracking is linked to the existence o f positive strain (extensions). 
When mode I is the predom inant (i.e., the load allows extensions), concrete 
behavior shows an instability and sudden discontinuity at peak strength, and very 
brittle behavior occur, particularly when direct tension is considered. On the other 
hand, when the load does not allow extensions, the friction at the crack lips which 
grow in mode II may lead to a ductile behavior.
The dissimilarity between the microcracking process in tensile and compres­
sive behavior may perhaps be due to the fact that in the tensile behavior, m icro­
cracks in concrete are created directly by extensions in the same direction as the 
applied stresses; while in compression, the crack extensions are perpendicular to the 
direction o f applied stresses, in which case these extensions are caused by Poisson 
effect. The influence o f  damage on compressive and tensile behavior o f concrete 
suggest different kinematics o f damage. Mazars (1981, 1986) recognized the 
dissimilarity between tensile and compressive microcracking and used separate 
damage variables to m odel the damage in tension and compression. In his model, 
Mazars (1986) defined the kinematics of damage by the weighted sum of the 
damage due to tension Dt and due to compression Dc. However, this formulation 
cannot capture the stiffness recovery in stress reversal during cyclic loading 
(Mazars and Laborderie, 1987).
Instead of averaging Dt and Dc as proposed by Mazars (1986), and since 
damage cannot diminish (equation (4.44)), in this work it is proposed for each
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variable a different damage loading surface. As mentioned below, the damage due 
to tension D t will grow independently from the compression-damage Dc.
Similar to the loading surface in eq. (4.16), the compressive and tensile 
damage loading surfaces may be expressed as:
f c(a» ,D .) = a J f  + XCK + K 2 b L ‘ -  K 2 25J_  = 0J c Y 2 i 2 5 + D ^
(4.45)
f.(G* D.) = a J *  + \ k J j T  + K 2 b l ,+ -  K 2 J H L  = 0 
J 10+ D t
where I^j, ^ 2 316 stress invariants corresponding to  the positive and
negative principal stresses, respectively. In the present study, we use the 
decomposition of the stress tensor into a positive (tension) G+ and negative 
(compression) o ' parts, such that:
o  = o + + a "
and (4.46)
t r o  = t r o + + t r o ”
where o + is built with the positive eigenvalues which appear only in the positive 
principal stresses. It can be obtained by removing the eigensystem associated with 
negative eigenvalues from o; whereas, o ' is built with the negative eigenvalues 
which appear only in the negative principal stresses. Details and formulations of 
the decomposition of the stress tensor are shown in Appendix A -1.
The nucleation and growth of the microcracks in the process o f continuum 
damage depend significantly on the direction o f  the applied stresses (Murakami, 
1988). In the proposed approach, the evolution laws o f each damage scalar Dt and
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Dc are based on the principal directions o f the positive and negative principal 
stresses, respectively. Hence, the apparent damage will be either D t for tensile 
stress (a +) or D c for compressive stress (o ') or combination o f D, and Dc in the 
case o f complex damage. The two damage parameters are assumed to grow 
independently without affecting each other. In order to do so, the two different 
loading surfaces (equation (4.45)) are used with the associated flow rule to
determine the damage growth rate o f each damage scalar, i.e., D t and Dc (derivation
of damage rate is shown in Appendix A-2):
( D J ,  = X — L  (4.47)
5 o ij
where C = t,c representing damage produced by tension or compression, respec­
tively. The magnitude o f the damage rate D - dependents on the projection of the 
stress rate 6 - onto the direction o f the normal to the loading surface <5f{
Hence,
a f J a ^ D )
*  = G '  IJ <5™ (4.48)
5 o nui
Substituting equation (4.48) into (4.47), the damage growth rate may be expressed 
as
1 3 f{ 5f{
(Dii)'  = r j 7 - 3 r - ,J- ; t  = t>c (4 4 9 )
h« 0 G >j mn
where h = 1/G is the hardening modulus derived in the present analysis, using the 
concept o f bounding surface. Derivations of the hardening modulus are given at 
the end o f the present section.
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In previous studies (Suaris, 1987a, 1987b; Krajcinovic, 1983), the damage 
growth rate was obtained by a dissipation potential in parallel with the hardening 
plasticity theory. However, the continuous hardening with the damage 
accumulation make it difficult to m odel the damage accumulation under cyclic 
loading when an approach similar to hardening plasticity is used.
In the present analysis, damage growth rate is derived using the concept of 
damage bounding surface, formally similar to the plasticity bounding surface 
proposed by Dafalias (1986). In this approach, a bounding surface, a loading 
surface, and an initial fracture surface (equations (4.13), (4.16) and (4.17)) are 
defined. The damage growth rate is assum ed to be a function o f the distance 
between stress point on the loading surface and the corresponding point on the 
bounding surface. Based on this definition, damage growth would occur only when 
the stress state is outside o f the initial fracture surface (which defines the onset of 
damage).
As mentioned before, the damage due to tension, Dt, will grow 
independently from the damage due to compression, Dc. Hence, two different 
loading surfaces have to be defined. The expressions of equation (4.45) of these 
surfaces can be expressed in a form:
(4.50)
if
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 ̂ C; ^2(C) ~ ^ 2’ \ f )  ~  ^c’ *1(0 "  * 1’ §(J)(D)
25.7 
25 +D,
where K = K(Kq,Ij) is defined by equation (4.23). The value K = 1 indicates that 
the loading surface has reached the bounding surface, i.e., equation (4.50) reduces 
to the expression o f the bounding surface.
Differentiating equation (4.50) with respect to a - ,  we obtain:
3f, dl
d a y





2 b K  ^  ' 2 K






3J 2(0 _ o










, 0 . 3 1 > I j > - l  
, ^ < - 1
C  + l )2
Substituting equation (4.52) into equation (4.51), we obtain:
(4.53)
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A(j) -  a + X,^K
2 y J2(j)
B(f) = 2 a X (f) (1 + I1(4)) i /j2(f) + 4 a b K  (1 + I1({)) I 1(f)
(4.55)
-  4 a K  (1 + I 1(f)) g(f)(D) + bK
Examination of equation (4.54), one may find that for shear stress, i ^  j ,  6 :: = 0,
then
9f({) = A S = 
3 ^  ^  ^
a + X, K
2
h (4.56)
Substituting equations (4.54) and (4.55) into equation (4.49), the damage growth 
rate can be written as:
1




But = 6 ^ ,  then, equation (4.58) becomes:
“ T— fA(t)^ij^mn^mn + B(tf)^ij^mm 
n («)
+ A(t)B(f) ^ i j Smn*mn + Syomin)]
(4.58)
(4.59)
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where the function g ^ fD )  can be defined as
f = t; gj(D) = gt(D.) = _ 1 H L ;  Dt = t/D 1t 2 +D2t 2 +D3t 2
10+D
(4.60)
The damage growth rate was obtained previously (Suaris, 1987a, 1987b; 
Krajcinovic, 1983) by an approach similar to the hardening plasticity theory, in 
which the scalar valued function (the hardening modulus) h was derived by the 
consistency condition. However, in such an approach, the continuous hardening 
with accumulation o f  damage makes it difficult to model the damage accumulation 
under cyclic loading. In order to overcome such a problem the damage modulus h 
is derived herein using the concept of the bounding surface, in which it may be 
given as:
where 5 is the distance between the stress point, a, on the loading surface and the 
corresponding point, b, on the bounding surface measured along the deviatoric 
stress Sy direction (see Figure 4.4). The normalized distance 5 between the loading 
and bounding surface is given by the Euclidean metric along the Sjj direction as:
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The damage modulus h(S,D) is a scalar valued function which has the 
following properties:
1. W ithin and on the initial fracture surface, i.e., (8^  - 8 ) < 0; the 
hardening modulus is infinite. The distance 8^  is the value o f 8 
when the state point lies on the initial fracture surface during any 
cycle. It should be noted that when the loading surface is inside the 
initial fracture surface (8 > 8^), then the damage growth would not 
occur. Fracture begins when h becomes infinite as the state point 
crossing the initial fracture surface.
2. Beyond the initial crack surface, the damage modulus h, decreases 
with the distance 8 and decreases as damage increases. W hen the 
loading surface approaches the bounding surface the damage modulus 
reduces to zero causing the failure.
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P r o j e c t i o n  of  
Bo u n d in g  S u r f a c e  on 
D e v i a d o r i c  P l a n e
Loa d in g  S u r f a c e
Figure 4.4 Definition o f the separation distance, 8.
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The definition o f the hardening m odulus as function o f 6 ensures a con­
tinuous damage growth during cycling. During the initial cycle, the monotonic 
strength is not reached, hence, failures does not occur. However, with repetitive 
cycles, damage continues to accumulate as the state point crosses the initial crack 
surface. W ith the damage accumulation, the loading surface continue to grow until 
complete failure occurs when the loading surface and bounding surface become 
sufficiently close (8 = 0).
Based on the above observations, the following expressions o f the damage 
modulus are drawn from the test results o f damage accumulation and cycling 
loading (Suaris, et al., 1990; Gopalaratnam and Shah, 1985; Kotsovos and Newman, 
1979; Buyukozturk and Tseng, 1984; Cedolin, et al., 1977; Karsan and Jirsa, 1969; 
Krajcinovic and Fonseka, 1981; Kupfer, et al., 1969; Scavuzzo, et al., 1983):
(1) Monotonic loading:
h (4.64)
(I,+ + 0.3)2 D,t,max
h (4.65)c
where 5+,8‘ are the normalized distance between the loading surface
and the tension or the compression bounding surface, respectively.
*\max ^  ^cjnax 316 maximum value of damage due to tensioncjnax
and compression, respectively, p p j and pFC are the distance o f the
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tension and compression bounding surface from the hydroaxis along 
the Sjj direction, respectively.
(2) Cycling reloading:
After an initially existing crack is subjected to applied loads at a certain 
load level, it becomes unstable and propagates in an unstable m anner causing the 
final failure. For the unstable post-peak (softening) zone associated with strong 
dilatancy, the state o f deformation can appear as localized regions. A suitable 
description of the evolution o f the strain softening zone may be obtained with the 
use of a nonlocal theory (Bazant and Lin, 1988; Schreyer, 1988). However, such a 
method is beyond the scope o f this study. Instead, the softening features will be 
included through the calculation o f the boundary surface concept, considering that 
concrete is a plastically stable material, i.e., softening behavior is only due to 
damage process.
In the present study, the strain softening regime of behavior is considered by 
calculating the damage modulus (h) based on the assumption that the stress point 






300Of; Ŝ~ pFC ^ - 0 . 3 3 / d ^
(4.66b)
(Ij" -  0.5)2
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where D = (Dy D y)1/2 is the maximum damage ever experienced by the material, 
and
dD  = - I  DjjdD j: (4.68)
D
Substituting equation (4.68) into equation (4.67), one obtains
1 ~  3 F  3F  , ..
--- D;: — d D y = -  —  d a y  (4.69)
D J 3D  J day  1J 
It is assumed that the damage rate is normal to the damage surface. Thus,
dDy = dX J . L  (4.70)
d ay
where the scalar function dX may be determined at the bounding surface as:
dX = 1  day (4.71)
h dOij J
where h is the damage modulus at the bounding surface (softening modulus).
Substituting equation (4.71) into equation (4.70), and then substituting the
resuli o f the damage rate into equation (4.69), one obtains the softening modulus 
as:
h = -  - I  Dy -P -  (4.72)
D J 3D  dCjj
3 f  3F  —
where ------  is defined in equation (4.54) and —— = g'(D) such that for tension
3D
gt(D) = - and for compression gc(D) =
10+D t 25 +DC
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4.5 Strain Due to Damage Growth
In order to describe the consdtudve relation for concrete, one introduces the 
complementary free-energy function (A) in terms o f the stress tensor o  and current 
damage D.
A = A (c ,D ) (4.73)
From which, the strain tensor can be expressed as:
e , -  (4.74,
ij
Hence,
deji = ;37r -  d D ”  (4 J5 )acyld 3 D mn
or
d e s = * - ^ r s ? r -  d D »> (476)dc^da^ dajjdDjjjjj
Consider the decomposition o f the stress tensor into its positive and negative 
eigenvalues as in equation (4.46). The complementary free-energy function is 
selected to be in the following form:
A = I (o C ° a  -  g +C V -  c " C  n a~) (4.77)
where C° is the elastic compliance matrix for uncracked material, C1 and C11 are the 
compliance tensors corresponding to tensile stresses (mode I) and compression 
stresses (mode II), respectively.
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Derivation of equation (4.77), the strain tensor in equation (4.74) becomes:
£ = 9 A (g ,D ) = C ° a  + C ra *  + C n a '  (4.78a)
d o
Equation (4.78a) may be expressed as:
£ = £e + £d (4.78b)
where £e -  C ° '0  is the elastic strain part for uncracked concrete, while £d represents
the strain resulting from damage growth.
The structure of the strain tensor is also shown by the rate form (equation 
(4.76)), in which it can be rewritten in the form:
d£  = C(D) d a
where
d C  1 * d C n  -a  +  a
3D  3D
dD  (4.79)
C(D) = C° -  C c (D) (4.80)
in which the compliance tensor C°(D) = C1 + C11, denotes the added flexibility 
tensor due to damage. It should be noted that the proposed formulation supports 
the finding that damage affects the compliance tensor (Horri and Nemat-Nasser. 
1983: Budiansky and O ’Connell, 1976; Ortiz, 1985).
Equation (4.79) shows that the strain rate tensor consists o f two parts. The 
first one represents the rate o f elastic deformation for uncracked material, and the 
second part represents the rate o f deformation due to the elastic damage. The 
second part o f the strain tensor rate is decomposed into two modes o f cracking 
effect: (1) cleavage cracking, and (2) compressive cracking (Figure 4.3). The 
effects of these two modes are included in the present formulations by decomposing
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the rate o f damage compliance tensor into the rate o f C1 and C11 where I and II 
refer to mode I and II o f cracking, respectively. It is assumed that cleavage 
cracking (mode I) is due to the positive stress tensor (a +) which is obtained by 
removing the stress tensor associated with negative eigenvalues from the total stress 
tensor o  (Ortiz, 1985). The compressive mode o f cracking (mode II) is produced 
by the negative cone o f the stress tensor (o ') which is obtained by rem oving the 
positive eigensystem from the total stress o.
In order to present the argument above mathematically, equation (4.79) can 
be expressed in the form:
d e  = C(D) d o  + d C  V  + dC  n o '
The components of the strain rate tensor may be expressed as











W hat follows next is the formulations of the rate of added flexibility tensors 
expressed in equations (4.83b) and (4.83c). The selected form o f the free-energy 
function (A) in equation (4.77) as decomposed into tensile and compressive parts
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enables one to distinguish between the modeling o f tensile and compressive crack 
mechanisms. Based on the experimental observations and following Suaris, et al. 
(1990), the compliance tensor for tensile stresses C1 is defined as:
C 1 = - 1
1
d - Y D n )
- v
1





(i - y d 33)
where Eq and v are the modulus of elasticity and the Poisson’s ratio o f the 
uncracked concrete, respectively. D n , D22, and D33 are the components o f damage 
in the three principal tensile stress directions. The parameter y in equation (4.84) is 
the damage modification factor for tensile stresses (y > 1) which accounts for the 
effect of the crack geometry on the stress intensity of concrete in tension. Based 
on the experimental results o f Suaris, et al. (1990), the value o f y  = 4 is selected. It 
should be noted that the proposed compliance tensor (equation (4.84)) assumes that 
the added flexibility occurs along the axis perpendicular to crack growth plane but 
there is no in-plane flexibility. This is because the damage components D;i are 
defined to be the area density of crack in plane perpendicular to the direction of 
principal axis. This will produce a constant Poisson’s ratio for concrete in tension.
For the case o f compressive stresses, following Suaris, et al. (1990), the 
compliance tensor is defined as:
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c 11 = _ L
E0
1 - v  -v
( l -p dD22) ( l - p dD33) (1-D n ) ( l - D 22) (1-D 11)(1 -D 33)
1 -v
symmetric
(l-|3dDn ) ( l - p dD33) (1-D22)(1 - D 33)
1
( l - P dD n ) ( l - P dD22) 
(4.85)
where Dj; (i = 1, 2, 3) are the accumulated damage components in planes perpen­
dicular to the principal axis.
The increase in m aterial flexibility due to damage in compression is con­
sidered herein as presented in the diagonal terms of the compliance tensor (equation
(4.85)). It is well known that under applied compressive stress, the interfacial bond 
cracks extend into the concrete matrix through a tortuous path. This tortuosity of 
the cracks contributes to the increase in the flexibility o f concrete subjected to 
compressive stress. This phenomenon is called the cross effect by Ortiz (1985). In 
compression, the cracks are primarily in planes parallel to the direction o f the 
applied stress and hence assum ed to have a cross effect.
By examination of the diagonal terms of the compliance matrix (equation
(4.85)), it can be shown that the cross effect is proportional to the damage com ­
ponents that lie on planes parallel to the applied compressive stress. In uniaxial 
compression, the two positive principal strains (tensile strains) which are perpen­
dicular to the axis of compressive stress, produce cracks in two planes parallel to 
the direction o f loading. Hence, the flexibility is affected by PdD22 and PdD 33.
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The lateral tensile strains produced by compressive stresses are directly 
affected by damage that occurs in a p lane perpendicular to the axis of lateral tensile 
strain (Suaris, et al., 1990). This may be shown by the off-diagonal terms in the 
compliance matrix (equation (4.85)) in which D ;i is used instead o f
Finally, the cross effect factor pd that accounts for the crack growth in 
compression behavior is selected based on the experimental results of Suaris, et al. 
(1990) and is e t equal to 0.1.
The strain rate tensor (equation (4.82)) is expressed in terms of the rate of 
compliance tensors. The rate com pliance matrix for tensile stresses dC1 is derived 
from equation (4.84) and expressed as:
0
(1 -Y D h )2
(1 - y D 22)2
(4.86)
0
(l -y D 33)2
Similarly, the rate compliance m atrix for compression stresses dC11 may be
expressed as:
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r ( l-P ,1D33)dDa H l- p dD22)dD3,
(l-PAjftl-PAj)2







( 1 2 5 ^ 1 ^ 7
(l-D^ro-D^r
r Cl-PdD22)dDI]* ( l-P dDn )dD22]
(l-PPnAl-PdD^1
(4.87)
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Chapter 5
DAMAGE AND PLASTICITY IN CONCRETE
5.1 Introduction
Concrete exhibits both plastic deformation and stiffness degradation 
behavior. In the hardening behavior, both damage and plastic deformations may 
occur and hence, a combined theory activating the damage and plasticity surfaces is 
used. On the other hand, softening behavior is controlled by damage processes and 
no plastic deformation occurs.
The stress-strain behavior o f  concrete may be idealized as shown in 
Figure 2.2 and can be considered as a sequence of elastic, plastic, and damage 
increments. The increments o f the total tensor may be expressed as:
de  = dee + dep * d £ °  (5.1)
where d£e and d£p are the elastic and plastic strain increments, respectively. These 
two strain increments can be calculated from equation (3.27). The remaining part, 
d£D, is the increment of strain that results from damage growth, which can be 
calculated from equation (4.82). Hence, the total strain increment in equation (5.1) 
may be expressed:
d£u =








9Kt 3 H e
d a ,mm
+ (Cijkl + Cijkl) dCty + dCjjy Gy + dCjjy Gy
(5.2)
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where He, Hp, p, and K t are material parameters defined in Chapter 3, and C1 and 
Cn are compliance tensors defined in Chapter 4.
What follow are the applications and comparisons o f the analytical model 
developed herein on the behavior of concrete subjected to monotonic and cyclic 
loading. To illustrate the proposed model, it is convenient to start with simple 
uniaxial problems. The stress-strain relations are developed next for uniaxial 
tension and compression. The constitutive relations for other loading cases are 
derived in a similar m anner as shown in Appendix B.
5.2 Uniaxial Tension
The initial microcracks in uniaxial tension is a random variable. However, 
those cracks which are perpendicular to the maximum tensile strain direction will 
show significant growth. Hence, the damage in uniaxial tension will be dominated 
by the cracks perpendicular to the axis o f applied tensile stress. The governing 
equations can be written from equation (5.2) as follows:
d £i i -
2 (3+6 1 + (2 -Y D n )
3 H e 9 H p 9 K t E(1 -y D n )
dcu
d £ 22 “
y a n
E ( l - y D n )2




1 v ( 2 - D n )
"9K7 " E ( l - D u )
d a li (5.3)
d£33 -  d£22
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The material parameters: (1) elastic shear modulus, He, (2) plastic shear 
modulus, Hp, (3) the tangent bulk modulus, Kt, and (4) the shear compaction- 
dilatancy factor P are calculated for the case o f uniaxial tension as follows:
e EH e =
1 +v
(5.4)
The plastic shear modulus for m onotonic loading is (equation (3.29))
H p =
23.2 (d)0-52 5 f '
(5.5)
^max 1 1 1  -  0.5):
J
and for unloading (equation (3.30))
H p =
25.4(d)0'82 f '
0.65 /x\0.35 ^ l U n m - 0 5 ) 2 -  1.176
J
Ijnax
f  '  
*c
-0 .5 Ml




From equation (3.31), shear modulus for the case o f reloading may be 
calculated as:
H P  =
30.17 f c' 8 _150p




where £max is the maximum principal strain experienced by the material, d is the 
normalized distance measured to the compression m eridian, and 6 is the value o f 8 
at the current stress reversal.
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d = _
5  _ (5.8)
For the unloading case a lljnax is the maximum value o f o n  before the current 
unloading. 6 is the value o f 5 at the m ost recent stress reversal, in which 6 is 
measured to the direction o f compression meridian.
The bulk tangent modulus, Kj and the shear compaction-dilatancy factor (3 
can be recalculated directly from equations (3.32) and (3.33), respectively.
In calculating the strain increm ent due to damage processes, the loading 
function, bounding surface and initial fracture surface for uniaxial tension are 
reduced to the form:
where Dq is an initial damage that exists before loading or the accumulated damage 
(Dn ) at the beginning of any cycle. The strain e °11 at the onset o f the damage and
F ^ D )  = 0.425 (5.9)
c
i  ^11+ 3.1962 K 2 _  
f  '
(5.10)
-  K 2 1Q'13 = 0
10 +D, j
fotCfyDo) = 0.425 _ J i
a n-  6.76 K _  
f /
+ 3.1962 K 2
(5.11)
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nucleation is identified by Fonseka and Krajcinovic (1981) as the strain at the 
proportionality limit. The value o f D0 = 0.05 is used for the case of monotonic 
loading.
The damage growth rate in a direction perpendicular to the direction of the 
applied loading is:
where the parameters At and Bt can be calculated from equation (4.55). The 
damage modulus ht for monotonic loading is:
In the case o f cyclic loading, the damage m odulus for reloading case can be 
calculated from equation (4.66a). W hile for unloading, the damage remains 
constant, dD n  = 0.
Finally, the softening modulus for uniaxial tension can be found from 
equation (4.72). More details about these calculations are shown in Appendix B.l .
The stress-strain behavior predicted by the proposed model for concrete 
under both monotonic and cyclic uniaxial tensile loads were verified by comparing 
with available experimental results. For the monotonic loading case, the uniaxial 
test results obtained by Voyiadjis and Abu-Lebdeh (1992), and by Meier, et al. 
(1985) are compared with the proposed stress-strain relationship as shown in 
Figure 5.1. The stresses are normalized with respect to the uniaxial tensile strength






of concrete, fto. The agreement between the proposed relations and the 
experimental test results is achieved. The predictions o f the proposed model were 
also compared with the analytical model advocated by Fonseka and Rrajcinovic 
(1981), as shown in Figure 5.2, where the predicted softening behavior o f concrete 
is shown. Again, overall agreement is good.
For the cyclic loading case, the proposed stress-strain relations were 
compared with the cyclic uniaxial test results obtained by Gopalaratnam and Shah 
(1985). The comparison is shown in Figure 5.3, in which different softening 
behavior is predicted and the maximum tensile strain predicted is less than the one 
obtained by the test. However, it is clear that general agreement is satisfactory.
5.3 Uniaxial Compression
In uniaxial compression, the dominant damage will grow in a direction 
perpendicular to these two tensile strains d£1:[ and dE^ (compressive strain is d£33 
< 0). The two branching cracks growth are considered herein.
The total strain increment for uniaxial compression becomes (see equation
(5.2)),
' / T  p - 3  1 + 1 v ( 2 - D n )
\
9 H p 3 H e 9 K t E ( l - D n )
y










 Voyiodjis and Abu-Lebdeh (1992)
 Meier et al. (1985)
- 6 0 20  6 0  




Figure 5.1 Comparison o f m odel predictions with the corresponding 
uniaxial tensile test on concrete behavior.





= 1 0 . 7  k s i
f  c  =  5 . 8  k s i
 P ro p o se d  Model
 Fonseka and Krajcinovic (1981)
- 0 . 1 5  - 0 . 1 0  - 0 . 0 5  0 . 0 0  Q 0 2  0 . 0 4  0 . 0 6  0 . 0 8  0 . 1 0
€ 2 2 = € 3 3 x l °  3  € l l x l °  2
Figure 5.2 Comparison o f  the proposed model with other 
analytical models.
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ProoeMd Modal 
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Figure 5.3 Stress-strain curves for concrete under cyclic- 
uniaxial tensile stresses.






1 ^ 1 v(2 D22)
+ 9 K t '  E(1 -D 22)
22




d e 33 “
3H
2 + y j l  p + 6  1





( l - P dD H) ( l - P dD22)
 ̂“Pd̂22̂ d̂ ll “Pd̂ ll̂ d̂ 22
33
( l - p dD n )2 ( l - P dD22)2 
D n  and D22 are two independent perpendicular microcracks. For simplicity, 
it may be assumed that the two initial damage fields are equal in magnitude, i.e., 
D °n  = D°22. Since d£n  = d e ^ , it may also be assumed that the two damage 
increments are equal. Therefore, D n  and D-,2 and equations (5.14) reduce to:
d£j j — d £2o — v/2 p - 3
1 v ( 2 - D „ )
9 H p 3 H e 9 K t E ( l - D n )
d a 33
V d E )l l
E a - D n )2
33
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d e33 - 2 sfl  (3+6 1 1 + V r  + + 1 - 1 1




2 ( l - ( 3 dD n ) d D n
-*33
(1 -P d D ,,)4
The four parameters, He, Hp, Kj, and (3, are determined for uniaxial 
compression as follows.




(2) The plastic shear modulus, Hp, fo r monotonic and cyclic uniaxial 
compression can be determined from equations (3.29), (3.30), and (3.31):
(a) For first loading:
H p =






where 5 is the distance from the bounding surface to the hydrostatic 
axis, d  is the normalized distance measured to the compression 
failure, and is the maximum principal compressive strain.
(b) For unloading
H P  =
(1 .35 )(14 )(O.l)’4 (d)0'82 f c'
(5)°-35( W ) ° - 65
f  XL
°33,m ax_a 5  _ u ? 6
f  'c
g3 max -O .sY -Z gl-O .5
f /  f /
p
(5.18)
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where <?33>max is the maximum value o f the compressive stress c 33 
before the current unloading and d is the normalized distance 
measured to the tensile meridian, in which 5 is the value o f 5 at the 
current stress reversal. Examining equation (5.18), one m ay observe 
that the plastic modulus, Hp, is negative at the beginning o f the 
unloading process.
(c) For reloading
_ 35f /  5 v/d _ i50p
H p = ____S   (10) W  (5.19)
f E - 0 . 5 ?
T c
where d in this case is the normalized distance measured to the
compression failure and 8 is the value o f 5 at the current stress 
reversal.
(3) Bulk tangent modulus for uniaxial compression:
625 f c'
K t = ----------------------------  ; hydrostatic loading
1 + 0 .4 ( - o 33)135
(5.20)
K t = 575 f c' ; hydrostatic unloading
(4) Shear compaction-dilatancy factor (3 is calculated f^om equation (3.33):
(3 = 10.25 ( e ^ f 23 [ J d  -  0.2] (5.21)
It should be noted that at stress level o f 90 percent o f the ultimate strength, 
the calculated value o f (3 is zero. This value is supported experimentally by 
Kupfer, et al. (1969).
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Examining equation (5.15), one may note that the total strain increment 
consists o f three parts: elastic, plastic, and damage. The elastic and plastic strain 
increments are determined from equations (5.16) to (5.21). The strain increment 
due to the damage process is calculated from equation (4.82) as follows:
ij -   ̂ ijkl + ijkP kl + d C ijkl a kl
where in uniaxial compression, da-j j = da2 2  = 0, da = da33, then:
j  D v
it — —11 E
^ D v 
d£22 = '  E
T - D n '
1 - D ll
}33
a -vur








, D  _ 1 
d e33 "  p-
Pd
1 +
( l - p dD n ) ( l - p dD22)
d a 33
(1 -P d D z iJd D i, *(1 - P dD n ) d D 22
( I - ^ D n f t l - P a D j j ) 2
\  /
In the present study, it is assumed that the initial damage in both directions 
is the same, i.e., D °n  = D °22 = 0.05. Moreover, it is assumed that the two damage 
increments are equal and therefore, D jj = D22. The damage increments may be 
determined from equation (4.59) as:
d D n -  _ _  [A Sn  S3 3  d a 3 3  + Bc d a 3 3
h c
Â , B^ ( ^ 3 3  da 3 3  + d a 33)
(5.24)
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^ 2 2  " - r ~  tA c ^22 ^33 ^ a 33 + ^ a 33
n c
+ A c ® c ^ 3 3  ^ ^ 3 3  + ^ 2 2  d 0 3 2)
Since in uniaxial compression, Sn  = S22 = - 1/3 o 33, it is clear from 
equation (5.24) that the two damage increments dD H and dDo2 are equal, hence
1d D n  = dD 22 2 * 2 2  _  2 1 .9  A c a 33 + B c + 3  °3 3  A c B c d o
where
33 (5.25)
A c = 1.2759 + 5.656 K
33
B c = cy33(1 +o 33) ( l  -K q) (4.4 +7.45K)
-  2 . 3 K ( l + a , , ) ( l - K o )  . + 3.1962K 2
^  25 +D„
( 1 - K q)
K = 1 +










(  \2 (  \
E
-  2 x l 0 ~ 3 E
f  ' 
c l fc
(1 - v )
(i  +v r
In which Dc = (D2n  + D222)1/2, E and v are the Young modulus and Poisson’s 
ratio for a given stress level.
The bounding surface, loading surface, and initial fracture surface for 
uniaxial compression reduce to:
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(  \2 r  \
= 0.4253 a 33 + 6.966 C33




f ( a 33,D c) = 0.4253




c  \  
°33
+ 3.1962 K 2




-  k 2 _ i ^ Z _  = o
2 5 +D,
f  _ V (  \
= 0.4253 33 + 3.77 K a 33
f  ' 1 7
I  c ) L c )
/ \ —
+ 3.1962 K 2 °33
T T ,
\  y
? 50 + D 0
-  K 2  1  = 0
50.05
Dam age growth would not occur when the loading surface is inside the 
initial fracture surface where in this case, the damage modulus h(8,D) is infinite. 
Beyond the initial crack surface, the damage modulus decreases (with the distance 
8) to zero when the loading surface approaches the bounding surface. The damage 
modulus for monotonic and cyclic uniaxial compression may be calculated from 
equations (4.65) and (4.66) as follows:
(a) For monotonic loading:
h c = -c f




-  0.5 (f^c,max)
1/2
where the failure envelope defined by pFC = y ^ p  may be calculated from 
equation (4.15) as:
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P f c ( ° 3 3 ’D c) = ° ' 3 9  [~  9 '2 3 7
N
(
85 .32-10 .207 3.1962 33
25.7
fc'  25 +D C
(5.29)
In equation (5.28), 8C is the distance between a stress point on the loading surface 
and the corresponding point on the compression meridian o f the bounding surface. 
It may be calculated from equation (4.63) as:
5C = IPf c I "  IPlcI = P f c ^  “
(b) For reloading:






The uniaxial compressive stress-strain relations are calculated herein and 
verified by comparing the calculated results with the corresponding available 
experimental and analytical results. For monotonic loadings, the proposed stress- 
strain relations are compared with experimental test results obtained by Voyiadjis 
and Abu-Lebdeh (1992), and by Suaris, et al. (1990), and also compared with the 
analytical model developed by Fonseka and Krajcinovic (1981) as shown in 
Figures 5.4 and 5.5, respectively. As these figures show, the agreement between 
the proposed model and the corresponding previous work is generally good.
For the cyclic loading case, the experimental test data from Karsan and Jirsa 
(1969) on concrete under cyclic uniaxial compression are selected to verify the
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model predictions. The comparison is shown in Figure 5.6, in which it is clear that 
satisfactory agreement is obtained.
5.4 Model Predictions of Multiaxial Loading
The monotonic and cyclic applications predicted by the proposed model are 
compared with previous investigations on concrete under different loading 
conditions. We start with monotonic loading cases, followed by cyclic behavior.
5.4.1 Monotonic Loading
For the monotonic-multiaxial loading conditions, biaxial and triaxial test 
results are considered. The biaxial test results obtained by Kupfer, et al. (1969), 
Chen and Buyukozturk (1985), and by Tasuji, et al. (1978) are compared with the 
proposed stress-strain relations shown in Figures 5.7 and 5.8. The model 
predictions are also compared with the analytical model proposed by Yazdani and 
Schreyer (1990) as shown in Figure 5.9. In these three figures, the stress-strain 
relations are for the case of biaxial compression-compression state o f stress (Oj =
0 > o 2 > g3) with o 2 = a o 3, for the stress ratios a  = 0, 0.52, and 1. It can be
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AXIAC S T R E S S . f ' .
v<jYKidfi* aM J -Wu—*_»oa«fl (19923 
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Figure 5.4 M odel predictions o f concrete behavior under 
monotonic uniaxial compressive loading.
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Figure 5.5 Stress-strain relations o f  concrete under uniaxial compression.
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Figure 5.6 Comparison of model predictions with cyclic 
uniaxial compression test.
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Figure 5.7 Comparison of model predictions with monotonic 
biaxial compression test
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Figure 5.8 Comparison of the proposed model with test results 
on concrete under biaxial compression.
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Figure 5.9 Model predictions of the behavior of concrete under 
biaxial compression.
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shown that for different stress ratios, the proposed stress-strain relations compare 
well with the previous investigations. The effect o f the principal stress ratio on the 
ultimate strength of concrete is evident in Figure 5.10, in which the experimental 
results o f the biaxial compression-tension tests obtained by Voyiadjis and Abu- 
Lebdeh (1992), Tasuji, et al. 91978), and Chen and Chen (1975) are compared with 
the proposed relations for different stress ratios. It is clear that depending on the 
principal stress ratio (Gj/Gg), the ultimate strength in biaxial compression-tension is 
smaller than in uniaxial compression. Also, it can be seen that when tensile stress 
ctj is introduced, both the peak stress and corresponding strain decrease, and the 
material becomes more brittle and a lower load is required to produce self- 
propagating microcracks under compression -tension biaxial than under uniaxial 
compression. The third case o f biaxial stress combinations is verified by comparing 
the test results o f biaxial tension states o f stress obtained by Tasuji, et al. (1978) 
with the proposed model as shown in Figure 5.11. For all cases of the biaxial 
stress-strain relations, it is clear that the results o f the proposed model compare 
favorably with the previous experiment work.
The formulation presented here for the triaxial state of stress is compared 
with the experimental data o f Kotsovos and Newman (1979, 1980), and also 
compared with the analytical m odel advocated by Chen and Buyukozturk (1985), in 
Figures 5.12 and 5.13. The experimental program o f Kotsovos and Newman (1979, 
1980), as well as the present formulation, involve loading along the hydrostatic axis 
up to a specified value (G-. =  g 2 =  G s =  ® o)’ followed by uniaxial compression
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Figure 5.10 Concrete behavior under biaxial compression-tension 
states of stress.
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Figure 5.11 Comparison of the proposed stress-strain xeiadon 
with biaxial tension test.
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Figure 5.12 Comparison o f the proposed model w ith ± e  corresponding 
monotonic triaxial compression test.
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Figure 5.13 Concrete behavior under different stress ratios of 
the triaxial com pression states o f  stress.
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(Oj = a 2 = 0, o 3 = a). As anticipated by the results shown in Figures 5.12 and 
5.13, the enhancement of strength ductility under increasing confining pressure is 
predicted by the proposed model. In this case, the results obtained are very 
satisfactory.
5.4.2 Cyclic Behavior
For cyclic behavior, the proposed model is compared in Figure 5.14 with 
plane-strain biaxial test results obtained by Buyukozturk and Tseng (1984).
Stresses and strains are normalized by the uniaxial compression strength, f c, and its 
corresponding strain, Ep. General agreement between the experimental results and 
the model prediction is good.
The model predictions for cyclic behavior are also compared with the results 
of a well-documented experimental program conducted by Scavuzzo, et al. (1983). 
The test program consisted of six major series o f multiaxial cyclic stress-strain 
curves, from which the following were selected for comparison to the model pro­
posed herein:
(a) Cyclic triaxial compression: The model predictions are concerned 
with test (1-4) which is intended to assess the concrete response to 
triaxial load cycles. The present formulations follow the test 
program in which the specimen is loaded cyclically along the 
hydrostatic axis while gradually increasing the hydrostatic stress, a 0, 
up to a stress of 6 ksi on the deviatoric plane, and then cycled 
deviatorically while gradually increasing the maximum octahedral
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Figure 5.14 Comparison of model prediction with cyclic biaxial 
compression test.
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stress, T0, to failure. The comparison of the proposed model with the 
corresponding experimental results of Scavuzzo, et al. (1983) is 
shown in Figure 5.15, in which good agreement is achieved.
(b) Cyclic triaxial tension: As in part (a), this test is intended to explore 
concrete response when subject to triaxial extension histories. The 
proposed model and the experimental results o f test ( 1-6 ) o f 
Colorado concrete data (Scavuzzo, et al., 1983) are shown in Figure 
5.16. Again, it is shown that an overall satisfactory agreement is 
obtained.
(c) Cyclic stress reversal: This test is intended to explore the concrete 
response to deviatoric load cycles with stress reversal about the 
hydrostatic state. The m odel predictions (Figures 5.17 and 5.18) 
compare well with the results of tests (2-2) and (2-5), respectively, 
conducted by Scavuzzo, et al. (1983).
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Figure 5.15 Comparison o f  model prediction with cyclic- 
triaxial compression test.
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Figure 5.16 Comparison of the proposed stress-strain response of 
concrete under cyclic triaxial tension.
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Figure 5.17 Comparison of the proposed model with cyclic stress 
reversal test
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Figure 5.18 Stress-strain curves for concrete under cyclic 
stress reversal.
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C h ap te r 6 
SU M M A R Y  AND CO N C LU SIO N S
6.1 Summary
A review of the literature reveals a lack o f information on the subject o f 
cyclic behavior o f concrete under general loading conditions. Such information is 
necessary, however, for accurate predictions o f concrete response to variable 
loading. Hence, a comprehensive, practical model that captures the important 
features of concrete behavior is needed.
Several plasticity-type models have been proposed to describe concrete 
behavior, but plasticity theory fails to describe the post-peak softening behavior o f 
concrete. On the other hand, although damage mechanics accounts for strength 
degradation due to microcracking, it fails to represent, by itself, several features of 
concrete behavior. Since concrete exhibits both m icrocracking and plastic flow, a 
combined plasticity-damage model is proposed for the multiaxial monotonic and 
cyclic behavior of concrete. The model adopts a bounding surface concept, in 
which the Ottosen (1977) failure surface is modified to include cyclic effects, 
maximum compressive strain for the plasticity surface, and damage accumulation 
for the damage surface. By selecting the monotonic failure surface o f Ottosen 
(1977) and depending on experimental observations, the loading surface in the 
deviatoric section changes in shape, from nearly triangular at low hydrostatic 
pressure, to nearly circular for high confining pressure.
148
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As anticipated, the bounding surface in stress space shrinks in size as 
maximum compressive strain increases and damage accumulates. It has been 
assumed that concrete experiences a continuous damage process during loading. 
Three damage surfaces, namely, the initial fracture surface, loading surface, and 
bounding surfaces are introduced in terms of the maximum damage accumulated in 
the material.
6.2 Conclusions
The important advantages o f  the present model are the following:
1. Different behavior o f concrete in tension and compression are 
recognized. The damage caused by tensile stresses is assumed to 
grow independently from that caused by compressive stresses.
Separate compliance matrices for both tension and compression were 
used to accomplish this independence.
2. Both hardening and softening behavior o f concrete are displayed by
the proposed model.
3. The model successfully predicts the essential characteristics o f 
concrete behavior, m ost notably nonlinearity, stiffness degradation, 
and shear compaction-dilatancy.
4. Nonlinear behavior is appropriately described for both unloading and
reloading.
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5. Little computational effort is needed to adequately describe the 
overall behavior. The model is computationally efficient and 
implementation of the model for finite element analysis is feasible.
6 . A direct relationship exists between the overall behavior and the 
analytical parameters.
7. The functional dependence of the material moduli on stress history 
and damage parameters permits one to account for the accumulation 
of damage under cyclic loading and fosters realistic m odeling o f the 
complex behavior of concrete.
Another important advantage of the proposed model is that the functional 
form of the model parameters is based on experimental observations. M aterial 
parameters can be easily identified from basic experimental data, such as uniaxial 
compressive and tensile strength tests.
Close agreement between the stress-strain curves based on the proposed 
model and those obtained from experimental data demonstrate that the proposed 
model adequately predicts the behavior o f concrete under multiaxial m onotonic and 
cyclic loadings. It is also very encouraging that the analytical model developed 
herein reflects the essential phenomenological features of concrete behavior.
6.3 Recommendation for Future Investigations
1. Although the proposed model was developed for concrete, it would 
be appropriate to extend its application to include other cementitious 
materials that exhibit both plastic flow and microcracking.
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Additional experimental data are required to provide the basis for 
achieving a more complete understanding o f the cyclic behavior of 
concrete. The primary need is for additional cyclic testing of con­
crete under a triaxial state o f stress, in w hich both strength and age 
effects would be investigated.
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Appendix A-l 
DETERMINATION OF THE POSITIVE AND NEGATIVE 
PRINCIPAL STRESSES
Stress Decomposition
The stress tensor is decomposed into a positive (tension) a + and negative 
(compression) o ' parts, such that
a = <j+ + a' (A-l.la)
and
tr C = tr <7+ + tr C' (A-l.lb)
In the two-dimensional case, the transformation equations for stress may be
written in the following form:
Gx'  = J . (Gx + Gy) + i .  (ax - a y) cos29 * xxy sin29 (A-1.2a)
Gy'  = 1  (<yx + Gy) -  i .  (ox -  Gy) cos29 -  t xy sin20 (A-l.2b)
where g x, Gy, Txy are the stress components, g x' and c y' are the maximum and 
minimum principal stresses which refer to the principal axes x ,  y'  making an angle 
0 with axes x,y as shown in the figure below.
2 t
The angle 9 is given by: tan 20 =  IL .
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For a given state o f stress, one first determines the principal stresses as 
given above in equations (A -1.2). Then for each value o f these principal stresses, 
one determines the associated positive or negative stress tensor as shown below:
o n  = o x' cos2 8 '  + o '  sin2 9 '
G p  = -  _L a /  sin 2 0 '  + -L a ,/ sin 2 9 '
(A-1.3a) 
(A-1.3b)
G00 = <y~' cos2 (9 + iz /2 ) '  + o '  sin2 (0 +7t/2) '— A J (A-1.3c)
where 9 ' = - 9.






From equations (A -1.2), one can find that 9 = 38°, Gx'  -  334, and Gy'  = - 284. The 
components o f the positive stress tensor associated with the positive principal stress, 
Gx\  are determined from equations (A -1.3) and given as:




Similarly, the components of the negative stress tensor are:




Adding equations (A -1.4) and (A -1.5), one can find that
(A-1.7a)
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and
CT:<k ~ a kk ~ °kk (A-1.7b)
For the three-dimensional case, the x'y'z' and xyz systems are related by the 
direction cosines: Sl =  co s (x ', x), mj = cos (x'? y), etc. The notation corre­
sponding to a complete set of direction cosines may be written as 
x y z  
x' fij m1 nj
v' ?-> m2 n->
z' C3 m3 n2
The above direction cosines can be determined by first solving the equation of the 
principal stresses:
c ^ - ^ c r  + U o  -  I3 = 0 (A-1.8a)
where
I
I2 = a xoy -  a xc z -  a yc z
2  2 2 
"xy ~ Zyz ~ TXZ
X I „
X xy xz





For each value of the three principal stresses, <7X', (Jy', and o z ', the direction cosines 
can be determines as:
(cx - a) t  +  t xy nv + x ^  n = 0 (A-1.9a)
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xxy I + (oy - <y) m + n =  0
X x z  c  +  V  m  +  ( a z '  CT) n = 0
(A-1.9b) 
(A-1.9c)
By determining the nine values o f the direction cosines, the decomposition 
of the stress tensor into its positive and negative parts m ay be obtained as:
<*11 = CTx' ?12 + <V l22 + h 2
a 2 2  =  a x m l 2  +  Gy m22 +  <*z m 32  
a 33 =  Gx n l "  +  a y n 22 +  a z n 32 
a l2 =  h  m l +  ° y  h m 2 + a z h  m 3 
<5j3 = Ox n^ + Oy ?2 n2 +  ®3 n3
o23 = o x' m 1 n-ĵ  + o y' m2 n2 + a 2' m 3 n3 
where crx', Oy', and cjz'  are the three principal stresses determ ined from equations 
(A -l.8).
Example: The following stress tensor is decom posed into its positive and 
negative parts.
(A -1.10)
-1 9  -4 .7  6.45 
-4 .7  4.6 11.8
6.45 11.8 -8 .3
x 10J (A -1.11)
By solving equations (A -l.8), the three principal stresses are o x" = 11,618, 
a v' = - 9,002, and a z' = - 25,316. M oreover, from equations (A -1.9), the direction 
cosines are
13 = 0.7834= 0.0266, l 2 = - 0.6209,
mj = - 0.8638, m2 = 0.3802,
n, = - 0.5031, m, = - 0.6855 n3 = - 0.5262
m3 = 0.3306 (A -l.12)
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Substitute the above results into equations (A-1.10), the positive and 
negative stress tensors will be:
ctx' = 11,618
<V =  o CTij =
8.22 -266.9 -155.4




and the negative system is
=  0




(A - l .14)
0Z' = - 25,316
once again 0 - + 0 - = and 0 ;<k a kk “ a kk (A -l.15)
Calculation of J-,
J2 = 4  S USii
_ kk 5- 








1 a . .  t a ppakk i 0 -0 ;  ~ CTPP
~2 y y 3 J ~2 y y e
1
T
f(a-+ - g . ) (0.t+<y.7) -ij iĵ  v ij ij'
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h  '  -  * V s  ‘  2 « s ° s
" T  *°PP + Gpp " gpdg ppj'
but
a ij = Oij -  CTij ^  CTij = ° ij "  c ij
Therefore,
J2 = -  -  2 a t<^ (c ij - < $
- i (<T + 2at <4 (®pp-0«
J2 = 3  K GU + 2 a c ° i]  «*ij -  V  
- i (aW2 " 2 a c a P P (cyP p - V )]
where, a, are weighting function (i = t,c) 
a c = 0 in uniaxial tension
= 0 in uniaxial compression
a c + Ot = 1 
Note that:
jV = Jt in uniaxial tension
J , = T> in uniaxial compression
( A - l . 16)
(A -1.17)
( A - l .18)
( A - l .19)
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Appendix A-2
DERIVATION OF DAMAGE EVOLUTION EQUATION (EQUATION (4.47))
During the process of plastic deformation and damage, the power of 
dissipation is defined by
P = o;j e? * o ;j Djj (A-2.1)
the problem now is to obtain a stationary value for P subject to the two constraints 
f(<7, D) = 0 and g(a, £) = 0, where f and g are the damage and plasticity functions, 
respectively. Using the theory of functions of several variables, we introduce the
Lagrange multipliers X and 3 and construct the function H such that
H = P -  X f  -  j3g (A-2.2)




Substituting equation (A-2.1) and (A-2.2) into (A-2.3), we obtain
or
ep -  u 2 i  
,J a®,,
u
^  (  \  
D i j  -  X  .11
J 3 C7;;
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If we consider that damage and plastic flow evolve as two independent processes, 
equation (A-2.5) reduces to the following two evolution equations:
" ^
(A-2.6)
p a 3 &
& = 6 _ !» .11 r* ^ —
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Appendix B
FORTRAN PROGRAM FOR THE PROPOSED MODEL
e---------------------------------------
c
c Ptaraarv-Oamaga mooal toe canoaa ajeaagart










J  C3EU30),7DEU30),C3(30).7A(30),T3(30),C3l(50).CS2(30),033(30) 
DIMENSION T0l(3a),702(30),T03(3O).C11(30>,Cl2(30).Ci:3(SO).













C ,, .XEOnwautoa at auaacoy 
C_XNU« cwacirri rxflo 
C_rC*comcxat*va g anggi sl sum eonoma 
C— MSTRirficsr” !”  m n  c cm arc sc  t f f  ma maanai





















XJ3(I)*S1 (I) *32(T)*S3(T) . 
Dpq2(I).aa.0)X|2(I>Mg3(I)**2(3
C
o  ma nocnadaaa daanca a.
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c iJiw m nuon at tn* malarial parameters
c__ (l)plasac rrocuiUiriP
— Z Z ja tm ac rracuiui.HE
c (3)buiic tangent rnocutuifC
c (4)snear comoacaon-<aatancy facar.SETA
a

















c Mastic and p la n e  sran  iimemena
c
PSTRl l(r>SlGl I(J)/HE*<S1 (I)/TU(I)*6ErA(I)/3)*Xl (I)*X2(I) 
PSTR2I(!)*SIG2I(T)/H&i-(S2(I)/TU(I}”6ETA(I)73)*X1(iy*X2(l) 
PSTR3I(I)*SIG3I(1)/HE*<S3(1}/TU(I)*QEXA(I)/3)”X1(1}*X2(I)















51 E(I)*S)G1 l(iyPSTr?1 l(I)
c xnu»-p®3l(I)/psini(l)
C
C_™nof>-unrto(Tri naroentng pafamoarjeo. and snap* taaor.K
e
52 XKO(I)«i”<(1.85E-6”(E(T)/FC)””2-2E-3”(E(J)/FC5*(1”XNU))/
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S (1*XNLT)*”2) 




54 lF(SIGl(n.L£.0)eOTO 80 
IR5IG3(I).aEQ)GOTO 70 








TSl (I)*2*S1G1 (I)/3 
TS2<0—S!G1(0/3 
TS3(0»TS2(I)
GO TO 35 
30 ai(r>SlG3(l)/FC
TI10XS1G1 (I)*SJ G^OJ/PC 
CJ2<I)-(S!G3(0/FO~2/3







GOTO 85 ,  j
70 a if l)» o .a  '





























T1C0)“1 *<(1 *XKO(0)*rni (I)"*2»2"T11 (IJ-O.71S))/1.710










c----3m aaoaroon distance sac r i a a n a  point on me loading









if=(C-2(r).=a.o)GO to i n
c
r lining $m parameters A(I) and 3(1)
e







112 IRTJ2<n.£O.Q)GO TO 113
TA(I)*<1 ̂ 75a/fF:C,™2)>W(li.7i08/(FC~25)*TK(!))/(2~SQRTn’J2(I))) 
T8(I)*23.A22'n’AL.PHA(I)/FC)*(1 *711 (I))*SORTTT-!2(I))*'' 2.785 
S *(TALPHA(I)/FC)*n<(I)*,TI1 (I)*(1*7l1 (I))-*"frALPHA(I)/FC)






















5 -TD20-1 )*(TA(I)*TS2(I)*73(I))*TD3(1-1 )*(TA(I)*TS3(I)*TB(I)))
c





























k... aammejm growm rssa sua to tenada w t a a a  
c
123 IFCSG1<O.L£.0)GOTO 130
















140 COl(I)*COi l(0*CDi (l-i)
CO2(0*CO2S(I)*CO2(l-i)
003(0*0031(0*003(1-1)



























.-nrrw w in 0| tne eomoiiance tensor for 
a— aomof  v  ctram u
a








C2S0)«i /(XEO*(1 -0.1 *C31 (0)*(1-ai *C32(I)))
0
r. ennn n n iw at me rate comocsnea tensor tor






e— comoonwra ot me rate comoiianca tensor tor
a
0C21 (I)*0.1 -'(1 -0.1 *C03(T))'C32I(I>t1 -0.1 *C02tT))*CS31<T))/ 





oc2sm^3.i *((i -a i ”cs3to)*coi iaw i -o.i*coi(n)*co3i<i)y 
S (XEC*(1-0.1*COl(!))**2*(1-a.1*CO3(I))**2)




DC2B(I)*a.l *'(1-0.1 *C22(T))’C3l I(1)*<1 -a i *C3l (I))*CC2t(I)y 
$ (XSO*(1'0.1*C3l(t))**2*(l-0.l*C02(0)**2)
o
r_ a » n ineramena  oue to damage
a
IP(SG1 (0-LE.O1GO TO 180 
IF(S!G3(1).GE.O)GO TO 170 
IF(StG2(I).G£0)GOTO 180







160 OSTRl l(I)»Cll (I)"S!G1 l(I)*0Cl 1 (I)*S1G1 (I)*C12(!)*SJG2!{!)
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S *C230)-SJG3I<IK)C23(I)*S1G3<O

































205 FORMATfSX'N’.SC'COl’.S X T X g .^T S T .S X .T aT .S X T O Z 'JX .T an
WRTTECS.-)
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c  ...............—...........CYCLIC LOADINGS
c flajaaty-aamag* Moaat (or Conem





























c  insui O n
c__JGEQ<wnodutus ot aiasocSy 
c__XNU*oot*aon'3 rsao 
o— rO comofasavB srsngai of sum coneraw 
c__MSTR«maximLim srarn axsanencad Sy tna miwnaf













c cateueing m«m inv*n»na;tl .J3.J2.ana aw davtooric
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~ twimnniin at tfte norm«G»a distance a  
c
a f i> « 2 - io a ^ c 3 < a / ( ( x a tn ) * * ^ - 3 i
s^/)«rtt2^o2a)/3)
c




it(d«ti([)-9a-a) go to to
c
<1 . , .Hiitr tangent modulus tor nyurestsac unloading 
a o { i)« 5 7 3 * ie  
go to 20
r. , , mittc tangent modulus for tiycrestaac reloading 
io  oa(l)»«zs*ic/ (i ■*o.**(aas(sai (i}))” i  -05)
2 0  (t(deBU<0-ga-a)gQ 9  SO
)Q <I)«3eflu(f-i )*oa ta t(l) 
if(X3(I).g&0) go to 30 
msoaaoaistrSd-i i) 
nuo«eqr02r*?2<i)) 
a t n w t O - 1 )  
xM<MH-i*«*og<rrain)




l» -3 * te
itO d l(I) .g eJ)g o  to  4 0
UparflXxrm  rfc-1.43)*(fi -i 8*(xrt(I)/tc-o J]/(xtrri/fi>-0.3)}- 
S iy(l.77*(i.i*z{I))'*o.4) 
go ® so
40 t® » (lH (x rT i/fc-o .5 )'* 2 -i .i7 B * fx n ri/te-o j)* tx rt(iV fc-a5 ))y
c
c olesSc modulus for devuaonc unloading
50 h p W ’335*2(I), »X 82-^V (hparfQ e(xrnorT~0.S5*
S (ruo*<W(r))**a25)
9 0  J3(l)«3ecurt-1 roeltufl)
3 M < I) .g e .0 )g o  to 70  
auo-eert2*iq2(t))
7 0  ru c ( J )* ( -9 .2 3 7 * sq r i(8 3 J2 ® -2 1 5 0 4 * (2 J3 -* 4 )* (3 .1 8 8 2 7 x r t (!)/fc




hDarflH-a-82*(*n (l)/fc»i .4S)V(1 .i *t(0)**O-2 
go® ao
90 t® ar(IH *rt(I)/fc-O J)*-2/(io * t1.l* J< T ))*^2)
9 0  ye-130*TTTBT
c
c _ _ 0testc modulus for devnonc reloading
ttp(I)a3anc'<n«(l)-cn)o)*sqii<d(l))»(io**v)/hP«TD
s
r_ .alegar modulus and comoacOon-dStadon facsy 
h*««so*tc
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
180
3ao<l>»i o .2 3 * fm ss— o . 2 3 ) * ( * r t  d ( I ) ) - a 2 l
S JG il(l)* S IG l ( I J - S G l  ( M )
3G2l(n«SIG2(0-SJG2(l-i)
S JG 3 « I)« S IG 3 (l)-S lG 3 (l- i)
XI (IMSl (I)*S1G1 l(l>»S2(l)*SJGa(l>*S3(I)*SJQ3KI))/(12*HPm*TU(0) 
xaiH l /(a-XKTTOH /(3*HE))*(SIG1l<I)*S!G2(I)*SiG3I(I))






















C dEaamrnason at tne naralmnq pararrwarjw.ma no
c snap* (acaar.K.
c
32 XKQ(I}»1 V(1. SSE-̂ "(E(l)/FC',—2-2£-3*'E(D/FC)*{TXN U)V 
S (1*XNU}—2)
.t(WD(j)̂ B.i)go a  33
CPAR(!)*4.2/(XKO(I}-1)
90 0  94
33 C0«(t>*-43
94 IF(SG1(1).LEO)GOTO120

























TS30W SIG 1 (l>»SIG2(I)V3 
SO TO 125 




S / (S tfC —25) 




















CX(D*ri*((1-aCO(I))*(ai(D~2*2,C l(i)-a7135)/1.71S  
GOTO 150







c O arag e  Oounsing surtaca
c
CRUW T)*X3ai9*PC*t-9237+SC3OT(8S^21-ia200^Xl882*ai(^-GCa)))) 
TRUF(I]MU919*f:C *(-i8jei*SO FrnZ7ai9-ia2Q B*r3.18e2rni())-G TtT5))) 
it(dsfflj<l5.ge.0)go to 152
c
c damage values for uraoaoin
c








c _ _ 3 m  sepersSon oiszanca between a scm t an tbe iaadng xslace 
r_ anti ttw cofrasponatng m ag e  point on the bounotng suttace 
o
152 C aE ^-C aU Fffl'A B Sftl-C W )))
TDB-(I)»TRUf=(I)*A8S((1-TK(I)))
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cy»-o J3*w n?«o«(edO -i)))
^■-oJ3*ao«tdO-i))
c
c___oaicui«Sng aw oamaga n«ralr»ng modulus
c













15* F(TJ2(l).SQ.C)GO TO 155
TA(l)«<1.Z75S/(FC,*2))»<(11.710fl/(FC**2))"TX(I))/(2*SQRTCrJ2(I)))
TB(I)»23.*22*(TAU»HAfl)/FC)*(1*7ll(0)*SCfnTrJ2fl)>*l2.785 














r- -n r*  3temrt so tuning o—tsvior
c
158 IRCKO)XT.1.0)GO TO 157
HC(IH-25.T/(Ca(1-1 )"(25*C0(!-1 ))**2))*(C31 (1-1 )•
S (CA(I)*CS1(I)*C3(I))
S *C02(1-1 )*(CA(1)*CS2(1)*C3(1))*C03(1-1 )*(CA(!)*CS3(!)*C3(I)))
c
157 lRTK(I)iT.1.0)GOTO 158 
HTflM-i°-13/(TD(f-l )“(1O»T0(i-l
J (TOl(1-1)*fTA(T)’TSl(I>*'TB(I))
S *TD2(1-1 )*(TA(1)*TS2(I)*TB(I))*TC3(t-i )*(TA(I)*TS3(I)*TB(I)))
c
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c
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